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Abstract: Theta series for exceptional groups have been suggested as a possible 
{iLii description of the eleven- dimensional quantum supermembrane. We present explicit 

(-H I formulae for these automorphic forms whenever the underlying Lie group G is split 

(or complex) and simply laced. Specifically, we review and construct explicitly the 
k>( ; minimal representation of G, generalizing the Schrodinger representation of sym- 

;h ' plectic groups. We compute the spherical vector in this representation, i.e. the 

wave function invariant under the maximal compact subgroup, which plays the role 
of the summand in the automorphic theta series. We also determine the spherical 
vector over the complex field. We outline how the spherical vector over the p-adic 
number fields provides the summation measure in the theta series, postponing its 
determination to a sequel of this work. The simplicity of our result is suggestive 
of a new Born-Infeld-like description of the membrane where U-duality is realized 
non-linearly. Our results may also be used in constructing quantum mechanical 
systems with spectrum generating symmetries. 
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1. Introduction 

Despite considerable insights afforded by dualities, the fundamental degrees of free- 
dom of M-theory remain elusive. Recently the role of the eleven-dimensional su- 
permembrane has been tested [|l| in an attempt to rederive toroidally compactified, 
M-theoretic, supersymmetric four-graviton scattering amplitudes at order R^. These 



amplitudes are known independently on the basis of supersymmetry and duality, to 
be given by an Eisenstein series of the U-duality group [0, H, |^, ^ (see for a re- 
view), but still lack a finite microscopic derivation (see however for a discussion 
of perturbative computations in eleven-dimensional supergravity). In analogy with 
the string one-loop computation, a one-loop membrane amplitude was constructed 
as the integral of a modular invariant partition function on the fundamental do- 
main of a membrane modular group Gl{3, Z). The action of a membrane instanton 
configuration with given winding numbers is given by the Polyakov action and as a 
working hypothesis the summation measure was taken to be unity. A comparison to 
the exact result showed that the mass spectrum and the instanton saddle points were 
correctly reproduced by this ansatz, but the spectrum multiplicities and instanton 
summation measure were incorrect'^. The proposed partition function was therefore 
not U-duality invariant. However, a general method to construct invariant partition 
functions was outlined: exceptional theta series should provide the correct partition 
function for the BPS membrane on torii. 

While theta series for symplectic groups are very common both in mathematics, 
e.g., in the study of Riemann surfaces, and physics where they arise as partition func- 
tions of free theories, their generalization to other groups is not as well understood. 
One difficulty is that group invariance requires a generalization of the standard Pois- 
son resummation formula (i.e., Gaussian integration) to cubic characters (i.e., "Airy" 
integration). This scenario is clearly well adapted to the membrane situation, where 
the Wess-Zumino interaction is cubic in the brane winding numbers. Since theta 
series reside at the heart of many problems in the theory of automorphic forms, it 
would be very desirable from both physical and mathematical viewpoints, to have 
explicit expressions for them. 

As outlined in [|1|, the construction of theta series for a simple non-compact 
group G requires three main ingredients: (i) An irreducible representation of the 
group in an appropriate space of functions. In the symplectic case, this is simply 
the Weil representation of the Heisenberg algebra [pi,a;-'] = —i6i^, which gives rise 
to the Schrodinger representation of 5'p(n, R). (ii) A special function /, known as 
the spherical vector, which is invariant under the maximal compact subgroup K 
of G. This generalizes the Gaussian character e^'^*'-^'-* appearing in the symplectic 
theta series, (iii) A distribution 6 invariant under an arithmetic subgroup G(Z) C G 
generalizing the sum with unit weight over integers x* £ Z of the symplectic case. 

As for step (i), one observes that for any simple Lie algebra Q there exists a 
unique non-zero minimal conjugacy class O G Q. This nilpotent orbit carries the 
standard Kirillov-Kostant symplectic form, whose quantization furnishes a represen- 
tation of G on the Hilbert space of wave functions on a Lagrangian submanifold of O. 
Its quantization rehes heavily on the existence, discovered by Joseph p, of a unique 



^See H for a very recent discussion of the membrane summation measure. 



completely prime two-sided ideal J of the enveloping algebra U{Q) whose character- 
istic variety coincides with O U {0}. The obtained representation is minimal, in the 
sense that its Gelfand-Kirillov dimension is smallest among all representations, being 
equal to half the dimension of O. The minimal representation exists not only for the 
split real group G(M), but also for the group G{F) for arbitrary local field F as long 
as Q is any simply-laced split Lie algebra. In the case when Q is of the type Dn, the 



minimal representation can be realized using Howe's theory of dual pairs |T2|. The 



general construction was described in [^ and |]TT|, the latter of which we will closely 
follow in this work. Step (ii) is the main subject of the present paper; we will obtain 
the spherical vector for all groups G{M.) of A, D, E type in the split real form, using 
techniques from Eisenstein series (A„), dual pairs (D„) and PDE's {Eqj^s}- A simple 
generalization will also provide the spherical vector for the complex group G{C). As 
we will see, step (iii) amounts to solving step (ii) over all p-adic number fields Qp 
instead of the reals. Our methods will allow us to obtain the p-adic spherical vector 
for A and D groups. The exceptional case requires more powerful techniques, and 



will be treated in a sequel to this paper 113 



While this paper is mostly concerned with the mathematical construction of ex- 
ceptional theta series, a few words about the physical implications of our results are 
in order. First and foremost, we find that a membrane partition function invari- 
ant under both the modular group Gl{3, Z) and the U-duality group Edi^l) cannot 
be constructed by summing over the 3(i membrane winding numbers alone (which 
confirms the findings of [|1|). Indeed, the dimension of the minimal representation 
of the smallest simple group G containing S'/(3,]R) x Ed is always bigger than "id. 
Second, we find that the minimal representation of G has a structure quite rem- 
iniscent of the membrane, but (in the simplest rf = 3 case) necessitates two new 
quantum numbers, which would be very interesting to understand from the point 
of view of the quantum membrane. In fact, the form of the spherical vector in this 
representation, displayed in equations ( [4.41|) and ( |4.52|) below, is very suggestive of 



a Born-Infeld-like formulation of the membrane, which would then exhibit a hidden 
dynamical E(i+2{'^) symmetry. A more complete physical analysis of these results 
in the context of the eleven-dimensional supermembrane will appear elsewhere. In 
addition, our minimal representation provides the quantized phase space for quan- 
tum mechanical systems with dynamical non-compact symmetries, which may find 
a use in M-theory or other contexts. By choosing one of the compact generators as 
the Hamiltonian, one may construct integrable quantum mechanical systems with a 
spectrum-generating exceptional symmetry, and the spherical vector we constructed 
would then give the ground state wave function. 

The organization of this paper is as follows: In Section 2, we use the Sl{2) case as 
a simple example to introduce the main technology. In Section 3, we review the con- 
struction of the minimal representation for simply-laced groups. Section 4 contains 
the new results of this paper; real and complex spherical vectors for all A, D, E groups 



(the main formulae may be found in equations ( ^ISj) , (|;2|), (|^), (^33|) , ( ^:69D , (|;8|) 



and ([4.88|) ). We close in Section 5 with a preliminary discussion of the physics in- 
terpretation of our formulae. Miscellaneous group theoretical data is gathered in the 
Appendix. 

2. Sl{2) revisited 

As an introduction to our techniques, let us consider two familiar examples of auto- 
morphic forms for Sl{2, Z). 

2.1 Symplectic theta series 

Our first example is the standard Jacobi theta series 

0{r) = r^' Yl e"' = E ^(^) ' ^(^) = ^2^'e^'^^^' , (2-1) 

where we inserted a power of T2 to cancel the modular weight. As is well known, 
this series is an holomorphic modular form of 5'/(2, Z) up to a system of phases. The 
invariance under the generator T : r — i> r + 2 is manifest, while the transformation 
under S : t ^ "1/^ yielding 

e{-i/T) = Vt e{T), (2.2) 

follows from the Poisson resummation formula, 

E /(^) = E f(P) ' f(P) = / ^^ /(^) ^'"''' ' (2.3) 



applied to the Gaussian kernel frix). A better understanding of the mechanism be- 
hind the invariance of the theta series (|2.1| ) can be gained (see e.g., fl^) by rewriting 
it as 

e{T) = {6,p{gr)-f). (2.4) 

In this symbolic form, p is a representation of the double cover G of Sl{2,M.) in the 
space S of Schwartz functions of one variable; 9t = ( ^ ] /v^ i^ ^^ element of 

G = 5/(2, M) parameterizing the coset U{l)\Sl{2,M.) in the Iwasawa gauge; /(x) = 
g-x /2 jg ^]^g spherical vector of the representation p, i. e. an element of S which is 
an eigen-vector of the preimage f/ C G of the maximal compact subgroup K = f/(l) 
of G corresponding to the basic character of f/; finally, 6z{x) = J^mez^i^ — m) is a 
distribution in the dual space of S, invariant under the action of Sl{2, Z). [The inner 
product (■, ■) is just integration J dx.] The invariance of 6{t) then follows trivially 
from the covariance of the various pieces in ( |2.4| ). 



More explicitly, p is the so-called metaplectic representation 

P (J J) : 0(^) - e-'-'<P{x) , (2.5) 

P ("q* °) : 0(^) - e*/V(e*x) , (2.6) 

P (l ~o^) ■ '^(^) ^ e^^/V(-^) • (2-7) 

acting on a function cf) E S. It is easily checked that the defining relation (ST)^ = 1 
holds modulo a phase, and that the generators S and T leave the distribution 6 
invariant. Linearizing ( p.5| ) and ( p.6| ) yields generators for the positive root and 
Cartan elements 

E+ = t'Kx\ H=^ {xd, + d,x) , (2.8) 

while the negative root follows by a Weyl refiection 

E_ = -p{S) ■ E+ ■ p{S-') = ^dl, (2.9) 

and we have the 5/(2, M) algebra, 

[H, E±] = ±2E±, H= [E+, E_] . (2.10) 

In this representation, there does not exist a spherical vector strictly speaking, since 
the compact generator E+ — E^ (recognized as the Hamiltonian of the harmonic os- 
cillator) does not admit a state with zero eigenvalue. The lowest state has eigenvalue 
i/2, and plays the role of the spherical vector in 



(E^-E_)f='-f , f(x)=e--^\ (2.11) 

Its invariance (up to a phase) under the compact K guarantees that the theta se- 
ries (|2.4| ) depends only on r G K\G (up to a phase). In particular, the 5* generator, 
corresponds to the rotation by an angle vr inside K, and therefore leaves / invari- 
ant. This is the statement that the Gaussian kernel / is invariant under Fourier 
transformation, and lies at the heart of the automorphic invariance of the theta se- 
ries ( p.l|) . The construction holds, in fact, for any symplectic group Sp{n,Z) (with 
Sp{l) = Sl{2)), and leads to the well known Jacobi-Siegel theta functions, 

Ospin,z) = Yl e*"'"^^-""' • (2.12) 

This corresponds to the minimal representation 



2 ' ^ 2 



E'^ = - x'x^ , Eij = -did, , H; = (x'd, + d,x')/2 (2.13) 



of Sp{n,M.), with algebra 

[E'\ E,,] = i (siHi + SjHl + SlHl + SiHl) , (2.14) 

acting on the Schwartz space of functions of n variables Xi (see e.g., [Q). 

2.2 Eisenstein series and spherical vector 

Our second example is the non-holoniorphic Eisenstein series (see e.g., []T5|, Q) 

^s{r,f)= Yl f i r 12 )^ (2.15) 

which is a function on upper half plane U{l)\Sl{2,'R) parameterized by r and is 
invariant under the right action of Sl{2, Z) given by r — » {aT+b)/{cT+d). This action 
can be compensated by a linear one on the vector {m, n) and the Eisenstein series can 



therefore be rewritten in the symbolic form ( p.4|) , where now 6 = X](m n)£Z'^\(o 0) '^(•^ 



m) 6{y — n) and p is the linear representation 



P\ ^1 '■ (f'i^iy) ~^ 'Pio.^ + by,cx + dy) (2.16) 

corresponding to the infinitesimal generators 

E+ = xdy , E_ = yd^ , H = xd^ - ydy , (2.17) 

generating the 5/(2) algebra ( P^.10| ). The spherical vector f{x,y) = {x^ + y"^)'^ 
of the representation p is clearly invariant under the maximal compact subgroup 
U{1) C Sl{2) generated by -E+ — E^. In this case, it is not unique (any function 
of x"^ + y"^ is f/(l) invariant) because the linear action ( 2.1(j| ) on functions of two 



variables is reducible. An irreducible representation in a single variable, known as 
the first principal series, is obtained by restricting to homogeneous, even functions 
of degree 2 s 

(P{x,y) = X^'4>{\x,Xy) (2.18) 



and setting y = I (say) 



(x)=0(x,i/) . (2.19) 

y=l 



The representation p induces an irreducible one 

I]) :0(x)^0(x + t), (2.20) 

P^('n* °1 : m ^ e-'^' <P{e-''x) , (2.21) 



e 

-1 

1 



x) -^ x"^"0(-l/x) . (2.22) 



with spherical vector 

/, = {x^ + 1)-^ (2.23) 

An equivalent representation can be obtained by Fourier transforming the vari- 
able X. In terms of the Eisenstein series ( p.l5|) , this amounts to performing a Poisson 



resummation on m, 



sSr = 2 C(2.) ri + 2V?rj-r(.-l/2)C(2.-l 



T s) 



+ ^ E E \T'' '<.-^n iM^nW) e-™ . (2.24) 






Using instead the summation variable A^ = mn, this can be rewritten as 
^5z(2,z) ^ 2 ^(2,) r^ 



, 2^ rt' T{s - 1/2) C(25 - 1) 



+ ^^ V /..(AT) N^~'/'K,^^/, i2nr,N) e^"-^ , (2.25) 

^ ^ Nez- 

where the summation measure of the bulk term can be expressed in terms of the 
number-theoretic quantity 

n\N 

Indeed, disregarding for now the first two degenerate terms, we see that the Eisenstein 
series can again be written as in ( p.4|) , where the summation measure is 

5s{y)= J2 iXs{N)5iy - N) , (2.27) 

Nez* 

and the one-dimensional representation ps acting as 

'1 e 



Ps (^Q [j : <P{y) - e-''y<Piy) , (2.28) 

P.('Q"°):0(y)-e-^(^-i)*0(e^), (2.29) 

is generated by 

E+ = iy , E_= i{ydy + 2 - 2s)dy, H = 2ydy + 2 - 2s . (2.30) 

Note that this minimal representation has a parameter s, and is distinct from the 
one in ( p.8| , p.9|) . It is, of course, intertwined with the representation ( p.21| )-( p.22| ) by 
Fourier transform. The function 

/, = y^-'/'K,_,/2iy) (2.31) 

can be easily checked to be annihilated by the compact generator K = E^ — E_ = 
—i{ydy + {2—2s)dy—y), and therefore is a spherical vector of the representation (|2.3CI| ). 
At each value of s, it is unique if one requires that it vanishes as y ^ oo. 



2.3 Summation measure, j9-adic fields and degenerate contributions. 

While the spherical vector can be easily obtained by solving a linear differential 
equation, the distribution 6 invariant under the discrete subgroup Sl{2,Z) appears 
to be more mysterious. In fact, it has a simple interpretation in terms of p-adic 
number fields, as we now explain. 

The simplest instance arises for the 6 series ( p.l|) itself which can be rewritten 
(at the origin r = i) as a sum over principal adeles 

^(r = i) = ^exp(-7rx2) Jj7p(x) (2.32) 

xGQ p prime 

where 7p(x) is 1 on the p-adic integers and elsewhere. The real spherical vector is the 
Gaussian and the function 7p(x) is its p-adic analog: just like the real Gaussian it is 
is invariant under p-adic Fourier transform (the review [l^ provides an introduction 
to p-adic numbers and integration theory for physicists). Hence 7p(a;) is the p-adic 
spherical vector of the representation ( |2.5| ), and we have thus obtained an "adelic" 
formula for the unit weight summation measure. 

To take a less trivial case, consider the summation measure ( p.26| ) appearing 
in the distribution 5 in ( [^.27| ). It can also be rewritten as an infinite product over 
primes, 

Y^^^,{N) = Y, WU^)^ /,(x)=7p(x) ^~^^_^!2y , (2.33) 

N xSQ p prime 

where \x\p is the p-adic norm of A^ (if A^ is integer, |A^| = p^^ where k is the largest 
integer such that p'^ divides A^). Just as above, fp{x) can in fact be interpreted as 
the p-adic spherical vector of the representation ( p.29|) . To convince oneself of this 
fact, one may take the p-adic Fourier transform of /p, and find 

U{u) = (1 - p-^T' max(|n|p, 1)-^^ . (2.34) 

This is indeed invariant under u —>■ —1/u, and therefore is a spherical vector for 
the representation ( |2.20| )'^. It is in fact identical to the real spherical vector ( |2.15| ), 



upon replacing the orthogonal real norm ||(x,l)|p = x'^ + 1 by the p-adic norm 
IKx, l)||p = max(|x|p, 1). This suggests that the p-adic spherical vector is simply 
related to the real spherical vector by changing from orthogonal to p-adic norms and 
Bessel functions to "p-adic Bessel" functions. We shall not pursue this line further 



here, referring to [13] for a rigorous derivation. 



Finally, we should say a word about the first two power terms in ( p.25| ). As seen 



from the above Poisson resummation, these two terms can viewed as the regulated 



4 



One may also check that the product of fp{u) over aU p reproduces the correct summation 



measure in the Eisenstein series (2.15) upon using the summation variable u = m/n. 



value of the spherical vector f{x) at a; = 0. Unfortunately, we do not know of a 
direct way to extract them from f{x) alone; an unsatisfactory method is to deduce 
them by imposing invariance of (|2.25|) under the generator S. 

2.4 Generalization to Sl{n,Z) 

The construction of the minimal representation of Sl{2, R) above can be easily gener- 
alized to any Sl{n) by starting with the Sl{n, Z) Eisenstein series in the fundamental 
representation, 



cSl{n,Z) 



^■fgZ"\{0} 



m^gijm'^] " 



(2.35) 



and Poisson resumming one integer, m^ = m say. In the language of 0, this amounts 
to the small radius expansion in one direction and we find 



^W) = 2C(2s)i?-'^ + 



0Fr(s-l/2) 



RTis) 



+ 



27r" 



T(s)R'+y^ 



E 



771 



mieZ"-i\{0} 



ntgijm^ 



J^ [m^gijm 

m'eZ"-i\{0} 
1-1/2 



il-s+1/2 



\m\ 



Ks^i/2 { 2n—^/mJg~m^ J e" 



-2iTimm^ Ai 



(2.36) 



We have decomposed the n-dimensional metric gu parameterizing SO{n, M.)\Sl{n, M) 
into an ra — 1 dimensional metric 'gij = g-ij — -^ AiAj, the radius of the n-th direction 
R = gH and the off-diagonal metric Ai = gu/ gu. We now have an n — 1 dimensional 
representation of Sl{n) on n — 1 variables x* with Sl{n — 1) realized linearly. The 
infinitesimal generators corresponding to positive and negative roots are given by 



E 



IX 



+3 



x^da 



E.., 
EL 



i{xWj + 2 - 2s)d, 
xWi (i > j) , 



(2.37) 



with Cartan elements following by commutation. This is the minimal representation 
of Sl{n, M), generalizing the Sl{2, M) case in ( p^.30 ). Note that this minimal represen- 
tation again has a continuous parameter s. For other groups than An, the minimal 
representation will in fact be unique. For An, the above representation is unitary 
when Re(s) = n/A. The spherical vector is easily read off from (|2.36|) , evaluated at 
the origin 'gij = gij = 6ij, R = 1 (rescaling x* -^ xY(27r)) 



/. 



-^711-5 



/C 



s-l/2 



vw 



/Co 



-l/2l 



,X 



n-U 



(2.38) 



where }Ct{x) = x'^Kt{x) {Kt is the modified Bessel function of the second kind) 
and the Euclidean norm ||(xi,X2, . . . )|| = \/x\ + x\ + ■ ■ ■. This spherical vector 
is indeed annihilated by the compact generators following from ( p.37| ). The p-adic 



spherical vector in the representation corresponding to ( |2.37| ) may be obtained from 
the summation measure in ( p.36| ) by the method as outhned in Section p.3| . The 
result is 

U{x\ ..., x"-i) = 7p(x^) ■ ■ ■ 7p(x"-^) \lp-s — ■ (2-39) 

Again, this may be obtained from the real spherical vector ( |2.33| ) by replacing the 
Euclidean norm by the p-adic one along with /C^ —>■ K,p^s{x) = (1 — p^'^x)/{l — p^'^). 

3. Minimal representation for simply laced Lie groups 

The minimal representation we have described for Sl{n,M.) has been generalized 



m 



111 to the case of simply-laced groups G{F) for arbitrary local field F. In this 



Section, we shall review the construction of [|I^, and make it fully explicit. 

3.1 Nilpotent orbit and canonical polarization 

The minimal representation can be understood as the quantization of the smallest 
co-adjoint orbit in Q. In order to construct this minimal orbit, one observes that all 



simple Lie algebras have an essentially unique 5-grading (see e.g., [[18| ) 



G = G-2®G-i®Gq®Gi®G2 (3.1) 

by the charge under the Cartan generator H^^ associated to the highest root E^ (for 
a given choice of Cartan subalgebra and system of simple roots Oj). The spaces G±2 
have dimension 1 and are generated by the highest and lowest root E±^^ respectively. 
Gi contains only positive roots, and Gq contains all Cartan generators as well as the 
remaining positive roots and the corresponding negative ones; G^k is obtained from 
Gk by mapping all positive roots to minus themselves. The grading (|3.1|) can also be 
obtained by obtained by branching the adjoint representation of G into the maximal 
subgroup Sl{2) x H, where Sl{2) is generated by {E^^, H^, E_^^) and H is the maximal 
subgroup of G commuting with Sl{2) (explicit decompositions are shown in Table |I| 
for all simply-laced groups) : 

G D Sl{2) X H 
adjG = (3, 1) © (2, R) © (1, adjH) (3.2) 

= 1 © i? © [1 © adjn] ®R®1 

In particular, Gi and G^i transform as a (possibly reducible) representation R of H, 
with a symplectic reality condition so that (2, R) is real. The set CH^ © Gi © CE^ 
is the coadjoint orbit of the highest root E^^, namely the minimal orbit O we are 
seeking. Since the highest root generator E^^ is nilpotent, this is in fact a nilpotent 



10 



orbit. As any coadjoint orbit, it carries a standard Kirillov-Kostant symplectic form, 
and its restriction to Gi is the symplectic form providing the reahty condition just 
mentioned. The nilpotent orbit can also be understood as the coset P\G where P is 
the parabolic subgroup generated by G_2 © G^i © {Go\ {H^}). The group G acts on 
O by right multiplication on the coset P\G, and therefore on the functions on O. 

The minimal representation can be obtained by quantizing the orbit O, i.e. by 
replacing functions on the symplectic manifold O by operators on the Hilbert space of 
sections of a line bundle on a Lagrangian submanifold of O. In more mundane terms, 
we need to choose a polarization, i.e. a set of positions and momenta among the 
coordinates of O. For this, note that, as a consequence of the grading, the subspace 
Gi © G2 forms an Heisenberg algebra 

[Ea-^jEa^] = {ai,a2)E^, ai,a2GG'i, (3.3) 

where (■, ■) is the symplectic form. A standard polarization can be constructing by 
picking in Gi the simple root jSq to which the affine root attaches on the extended 
Dynkin diagram ^. The positive roots in Gi then split into roots that have an inner 
product (a,/?o) with Po equal to 1 (we denote them Pi), —1 (denoted ji = uj — Pi), 2 
{Po itself), or (denoted 70 = u; — Pq). We choose as position operators E^^, E^. and 
E^: 

E^=iy , E^^ = ixi i = 0,. . .,d-l (3.4) 

acting on a space of functions of the variables y, Xi. The conjugate momenta are then 
represented as derivative operators, 

Ef,^=yd, i = 0,...,d-l (3.5) 

The expression for the remaining momentum-like generator H^^ will be determinated 
below, but could be obtained at this stage by computing the Kirillov-Kostant sym- 
plectic form on P\G. 

To summarize our notations at that stage, the 5-grading ( |3.1D therefore corre- 
sponds to the decomposition 

G2 = {E^} , 

G, ={(Eft,E,J} 

Go = {E-aj , Ha^. , Eaj } 

G-1 = {{E^i3^,E^^-)} 

where i = 0,... ,d-l = dim(i?)/2 - 1, j = 1, . . . , {dim{H) - rank(G) + l)/2 and 
H^f. are the Cartan generators of the simple roots with k = 1, . . . , rank(G'). 

^For Sl{n), the afRnc root attaches to two roots ai and a„_i. We choose /3o = ai. 
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S0{2n) 


D 


adj 


^ 


E, 


D 


78 


= 


E, 


D 


133 


= 


E, 


D 


248 


^ 



S/(n) D 5/(2) X Sl{n - 2) x M+ 

arfj = (3, 1, 0) © [(2, n - 2, 1) © (2, n - 2, -1)] © (1, at/j, 0) 

= 1 © 2(n - 2) © [1 © adj] ®2{n-2)®l 

Sl{2) X Sl{2) xS0{2n-A) 

(3, 1, 1) © (2, 2, 2n - 4) © (1, 3, 1) © (1, 1, adj) 

1 © (2, 2n - 4) © [1 © adj] © (2, 2n - 4) © 1 

Sl{2) X 5/(6) 
(3,1) ©(2, 20) ©(1,35) (3.6) 

1©20©[1©35]©20©1 

Sl{2) X 50(6,6) 
(3,1) ©(2, 32) ©(1,66) 

1 © 32 © [1 © 66] © 32 © 1 

5/(2) X E-j 

(3,1) ©(2, 56) ©(1,133) 

1 © 56 © [1 © 133] © 56 © 1 

Table 1: Five-graded decomposition for simply laced simple groups. 

3.2 Induced representation and Weyl generators 

Having represented the Heisenberg subalgebra on a space of functions of d + 1 vari- 
ables (|/,a;i=o,...,d-i), it remains to extend this representation to all generators in G. 
This can be done by unitary induction from the parabolic subgroup P. Rather than 
taking this approach, we prefer to generate the missing generators using the unbroken 
symmetry under H and Weyl generators. 

As a first step, it is useful to note that the choice of polarization polarization 11 
is invariant under a subalgebra Hq G H acting linearly on {xi=i^,„^d-i) while leaving 
{y,XQ) invariant. For the D and E groups, Hq is the subalgebra generated by the 
simple roots which are not attached to Pq in the Dynkin diagram of G, whilst for the 
A series, that by the simple roots attached to neither jSq nor the root at the other 
end of the Dynkin diagram. The subalgebras Ho are listed in Table ^ 

In order to extend the action of Ho and the Heisenberg subalgebra to the rest of 
G, we introduce the action of two Weyl generators 5 and A. The first, 5, exchanges 
the momenta /3j with the positions 7j for alii = 0, . . . ,d — l and is therefore achieved 
by Fourier transformation in the Heisenberg coordinates Xi = 0, . . . ,d — 1, 

{Sf){y,Xo,...,x,.,) = J^^^0fiy,Po,...,p,)ei^^-oP^^^ (3.7) 
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G 


dim 


Ho 


Gt 


/3 


Sl{n) 


n-1 


Sl{n - 3) 


n-3 





SO{n,n) 


2n-3 


SO(n-3,n-3) 


1 © [2n - 6' 


Xl{^X2iX2^+l 


E, 


11 


Sl{3) X 5/(3) 


(3,3) 


det 


Er 


17 


5/(6) 


15 


Pf 


Es 


29 


i?6 


27 


27®.3 ^ 



Table 2: Dimension of minimal representation, linearly realized subgroup Hq C H C G, 
representation of Gl under Hq, and associated cubic invariant I3. 

It also sends all ctj to — aj, while leaving u invariant, 

SEa^S = E-ai , SEi_jS = E^ . (3.8) 

The second generator A is the Weyl reflection with respect to the root (3q. It maps 
Po to minus itself, 70 to u, and all Pi to the roots aj that were not in Hq. All roots 
in Hq are invariant under A, and so are all 7j=i,...,d-i. In order to write the action 
of A, we need to introduce an il^o- invariant cubic form on Gl, 

h= "^ c{i,j,k)xiXjXk (3.9) 

i<j<k 

where the sum extends over all i,j,k = 1, . . . ,d— 1 such that Pi + Pj + Pk = Pq + uj. 
The sign c{i,j, k) is given by W^ 



C(i,j,k) = (_)'B(ft,/3j)+B(ft,/3fe)+B(/3jA)+B(/3o,'^)+l (3.10) 

where B{a,P) is the adjacency matrix (namely a bilinear form such that {ot,P) = 
B{a,P) + B{P,a)). The cubic invariant I3 in ( |3.9| ) is unique, except for the case 
of G = Sl{n) where there is none, and is listed in the last column of Table ^. The 
action of A is given in terms of I3 by 

{^f){y, xq,xi,..., Xd-i) = e~^f{-XQ, y,xi,..., Xd-i) . (3.11) 

One may check that the generators A and S satisfy the relation 

{ASf = {SAf (3.12) 

in the Weyl group. In fact, as in the symplectic case where the relation (ST)^ was 
equivalent to the invariance of the Gaussian character e*^ under Fourier transform, 
the relation ( |3.12|) amounts to the invariance of the cubic character Xq {13)^6'^^^^^° 



under Fourier transform over all Xj=o,...,d-i. This invariance can be easily checked in 
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the stationary phase approximation^, and holds exactly for particular values of the 
exponents a, (3 ||20|. In fact, the minimal representation yields all cubic forms J3 such 
that e*^^/^° is invariant 



3.3 Example: minimal representation of D4 



Using the Weyl generators (|3.7| ) and (|3.11|) , we can now compute the action of Ea 
in the minimal representation for all positive and negative roots and in turn obtain 
the Cartan generators through [Ea-, -E-a] = a ■ H. As an illustration, we display the 



5*0(4, 4) case in detail ||T9[. The data for other groups are tabulated in the Appendix. 
The Dynkin diagram of D4 is 



3 O "2 



O 

1 



■o 

2 



■O 

4 



Oil (3q ^3 



where we have indicated the standard labeling as well as one more convenient for our 
purposes; the construction will be symmetric under permutations of (ai, 02, 03) and 
hence under 50(4, 4) triality. The positive roots graded by their height along (5q are 



«i= (1,0,0,0) =A(/5i) 
a2= (0,0,1,0) =A(/32) 
^3= (0,0,0,1) =/l(/53) 



(3.13) 



/So 



(0,1,0,0) 
(1,1,0,0) 
(0,1,1,0) 
(0,1,0,1) 



70 = (1,1, 1,1) 

71 = (0,1, 1,1) 

72 = (1,1, 0,1) 

73 = (1,1, 1,0) 



(3.14) 



UJ 



;i,2,l,l)=A(7o 



(3.15) 



We start with the generators 






ydi 
yd2 
yds 



E, 
E, 
E, 
E. 
iy. 



70 



71 



72 



73 



ixi 
1x2 

iX3 



(3.16) 



(3.17) 



^For 1)4, the invariance of the function (l/|xo|)e"i^^^^/^° under Fourier transform of all 4 
variables can be checked explicitly by performing the (delta function) integrals over xi, a;2, xq, X3 in 
that order. 
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The cubic form (|3.9|) reduces to I^ = a;ia;2a;3. The Weyl generator A (acting by 
conjugation) yields the generators for the remaining simple roots Ea^ upon which we 
act with 5" to obtain E^ai, 

Ea^ = -xodi - ^ , E_„, = a;i(9o + iyd2dz 



E^, = -x^d2 - ^ , S-a, = X29o + iyd:,di (3.18) 

E03 = -a;o<93 - ^ , S-a3 = xg^o + iydid2 . 



A further application of A on {Ei3g,E_aJ yields {E_p^^^—E_p.) upon which S pro- 
duces the (-^-70, —E-.yJ. Penultimately we may act with A on -E-^o to produce the 
lowest root E^ 



'UJl 



1X1X2X3 

E^fSg = -xqO H — 

E^f3^ = xid H (1 + X252 + xs^a) - 1x08283 

-E_7o = 3ido + iyddo - ydid2d3 + iix^do + xi^i + X2<92 + xs^a) d^ (3.19) 

E-^, = iydid + i(2 + xq^o + xi^i) di do 

y 

E_^ = 3id + iyd"^ H h ixodod -\ 5 — do + - (xiX29i92 + xaXi^a^i + X2X39293) 

1/ y y 

+ i{Xidi + X292 + Xg^s) (9 + -) + Xo9ia293 , 

1/ 

as well as cyclic permutations of (1,2,3), denoting d = dy. Finally, commutators 
produce the Cartan generators, 

H(3o = -yd + xo^o (3.20) 

Hai = -1 - Xo^o + Xi^i - X292 - Xa^s 

if„2 = -1 - xo<9o - xi(9i + X292 - xa^s 

Has = -1 - Xo^o - Xi^i - X292 + Xa^s , 

where Ha = a- H = [Ea, E^a] is the Cartan generator along the simple root a. Note 
that the Cartan generator corresponding to the highest root 00 has a simple form, 

Hu; = [E^, E^^] = -3 - 2yd - xoOq - xi^i - X292 - xa^s (3.21) 

and therefore acts by a uniform rescaling on all Xj, and a double rescaling on y. 
This agrees with the fact that H^ is the grading operator in (|3.1|) . The form of 
this expression holds therefore for all groups (save for the non-universal constant 
term —3 above). This is also true of the expression for Hp^. The generators for the 
positive and negative simple roots and Cartan elements for all simply-laced groups, 
computed following the same procedure, are given in the Appendix. All other roots 
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can be obtained by commuting 



± Ea+/3 ii a + P is a. root 



Finally, to specify our conventions for positive and negative roots, we record that the 
quadratic Casimir operator for D4 is 

C = J2 H^C''H, - J2 £a, + $^(^A +£,,)- £p, - £,. - £. , (3.23) 

i k I 

The same formula may be applied to other groups as well. Here C*-' is the inverse 
Cartan matrix and Sa = EaE^a + E^aEa- Evaluated on the minimal representation 
above, we have C = —8, in agreement with irreducibility. Note however that in con- 
trast to ordinary representations, the center of the minimal representation (Joseph's 
ideal) is much larger: e.g, any quadratic polynomial in the Cartan generators Hi can 
be supplemented with a linear combination of Sa operators to make a scalar element. 
To summarize, we have obtained a unitary irreducible representation of any 
simply-laced split group G by quantizing the action of G on its minimal nilpotent or- 
bit (the classical limit can be obtained from our formulae for the generators by replac- 
ing the derivative operators i{d,di) by momenta {p,Pi) conjugate to the coordinates 
{y, Xi) and dropping the "normal ordering" terms; this yields the Hamiltonians for 
the generators of G on the nilpotent orbit with symplectic form dp/\dy + ^dpi/\dxi). 
Choosing one of the generators as the Hamiltonian gives a dynamical system with 
a spectrum generating symmetry G. This generalizes the Ai case corresponding to 



conformally invariant quantum mechanics [ p6[| . 



4. Spherical vectors for Dn and £"6,7,8 Lie groups 

With the explicit minimal representation for all simply-laced groups at hand, we 
focus our attention on the spherical vector; a function f{y,Xi) annihilated by all 
compact generators in G. This is our main result and is a central building block for 
the construction of theta series for all groups. 

4.1 Prom symplectic to orthogonal 

One way of obtaining the symplectic vector is to solve the differential equation {Ea ± 
E_a)f = for all roots a (the sign is chosen so that the generator is compact). It is 
sufficient to solve these equations for a a simple root only, since all other equations 
can be obtained by commutation. This still sounds like a formidable task, even 
though we shall in fact be able to carry it out later on for exceptional groups. For 
now however, we would like to take an alternate approach, well suited to orthogonal 
groups. The spherical vector we shall obtain will turn out to generalize quite simply 
to exceptional groups as well. 
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The main observation is that there is a maximal embedding of SO{n,n,'R) x 
Sl{2,M.) in Sp{2n,'R). The minimal representation of Sp{2n,M.) has dimension 2n, 
and is also a representation of SO{n,n,'R), albeit reducible. By considering func- 
tions invariant under Sl{2,M.) however, we can reduce it to a 2ri — 3 dimensional 
representation, which is the dimension of the minimal representation. In this way we 
thus obtain a representation equivalent to the one described in Section 3. In order 
to obtain the spherical vector in that representation, we just need to integrate over 
the second factor in the decomposition 

SO{n,n,R) Sl{2,R) Sp{2n, R) 



SO{n)xSO{n) f/(l) f/(2n, : 

to get a function on the first space. 

This procedure is familiar to string theorists since it gives precisely the one- loop 
result for half-BPS amplitudes. Indeed, the partition function of the worldsheet 
winding modes on a torus T" is a theta series for the symplectic group Sp{2n,R), 
restricted to the subspace ( |4.1|) of the moduli space. It can be written in a form 
which makes the modular symmetry Sl{2,Z) manifest, 

es, = vY.e.p[-n i^' + n'r)g^m^+n^f) ^ 2,,^^5^^.,.) . (4.2) 

where we recognize a sum weighted by the Polyakov action for classical toroidal 
strings winding around T" with volume V = ^^det Qij via X*(cri, 0-2) = "mVi + n^o'2; 
or with manifest SO{n,n,Z) target space symmetry. 



^sp = -^2"^ ^ exp (^-TTTa {nii + BikU^) g'^{mj + Bjin^) + n'gijTi^ 



2'KiTimin^ 



mi,nP- 



(4.3) 



In this form, we recognize the contribution of states with momentum uii and winding 
n* in the Schwinger representation, with a EPS constraint rrijn* = 0. The two 
representations are related by Poisson resummation over all Kaluza-Klein modes 
m^ ^->- rrii. The one-loop amplitude is obtained by integrating this theta series over 
the fundamental domain of the upper half-plane U{l)\Sl{2) parameterized by the 
worldsheet modulus r: 

Oso{n,n){gij, Bij) = 27r / ^ Ospir, r; gij, Bij) . (4.4) 

The result is an automorphic form under the T-duality group SO{n,n,Z). Its ex- 
pansion at large volume using the methods described, e.g., in P], reads 



2_.2 1 -27r^(m«J)2+27rim»JB,,- 

esoin,n) = ^V + 2Vj2— 7+4vrl^ E 7^^ ' (^.5) 
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and exhibits a sum of power-suppressed contributions, together with worldsheet in- 
stantons. The double sum runs over integer vectors (m\ n^) modulo the linear action 
of Sl{2,Z). The worldsheet instantons however depend only on the Sl{2) invariant 
combination m*-^ = m^n^ — m%* (with {nt^Y — ^^^'^QikQjifn''^), so they can be 
rewritten as 



--2^T^y{m'i)^+2n^m'^Bij 

E M-^^) 7^==^^ (4.6) 

„..rank 2 v(^^ 

where the measure factor ^lijn}^) = J2n\mii ^ accounts for the Jacobian factor between 
variables (m*, rf) and m^^ . We thus have a representation of SO{n, n, M) on a space 
of rank 2 antisymmetric matrices m^K The dimension of this space is precisely 
2n — 3 and ought therefore be equivalent to the minimal representation described in 
Section 3. We can also read off the real spherical vector immediately by going to the 
origin {gij = 6ij, Bij = 0) of the moduli space, 






The p-adic spherical vector can also be extracted from the summation measure ^{m 



«j' 



in the same way as in ( p.33|) , and reads 



1^,^^,„,^/.^p1^^Ml. (4.8) 

1 — P 

D4 spherical vector in the standard minimal representation. 

Having found the spherical vector in this "string inspired" representation, we now 
would like to map it to the standard minimal representation, with the aim of gener- 
alizing it to exceptional groups. For this we need to find the linear operator that in- 
tertwines between the two representations and let it act on the spherical vector (|4.7| ). 
For simplicity, we will describe the 5*0(4,4) case only, since the method generalizes 
easily to higher n. In this case, the constraint that m*-' of the "string-inspired" 
representation has rank 2 is 

eijkim'^m''' = , (4.9) 

which describes a quadratic cone in M^. 

Firstly, consider the operator acting by multiplication by rriij (corresponding 
to shifting Bij by a constant) in the representation ( [4.5|) . These shifts make a 6- 
dimensional Abelian subalgebra of the Borel subgroup of 50(4,4) {i.e., the group 
generated by the positive roots). We can identify six commuting generators by 
choosing those for roots with height one in the direction of, for example, a^, namely 
{Ea:^,Ei3^,E.y-^,E^^,E.yg,E^). Since these operators commute, we can diagonalize 
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them simultaneously and we call their eigenvalues i{m^^,m'^^,m^'^, m^^ , m^^ , m^"^) . 
Using the expressions in ( |3.16|) - (|3.19|) for the generators, we find a common eigen- 



state 

24 

but only if the eigenvalues are related by 

14 2S IS 24 

.n mm mm 
^ = T2 ^- (4-11) 

This is the same as ( [4 .91) , providing the rationale for our identification. Therefore the 
two representations are intertwined by Fourier transformation in a single variable X3, 



f{m'^) = I dydxQd?x%l)^^j{y,xo,x)f{y,XQ,x) 

dx3 exp(im^^ xs/m^^) /(m^^, m,^^, m^^, m^^, X3) . (4-12) 



where x stands for (xi,X2,X3). Conversely, we have 

rf X f dm^^ _2..,n24^, / xiX2 + Xom2''\ 

f{y,xo,x)= e J' f {y,xo,Xi,X2,m24, 1 (4.13) 

dm^'^dm.^^e' y 5{xiX2 + Xom?^ + ym,^^)f{y, xq, Xi, X2, m?'^, m!^^) , 

where /^^j = f{m}'^^m}^^m^'^^ rn^^ , m?'^ , m!^^) . 

To see how the kernel (|4.7|) translates into the standard minimal representation 
we must compute the Fourier transform (|4.13|) . For that purpose, it is convenient to 
take the integral representation 

along with the standard one for the Dirac delta function of the constraint. Hence, 
the action of the intertwining operator on the string-inspired spherical vector may 
be written as 

/"CO 7. /• + C!0 24 

f=^ ^^^^24^^43g-f-.t(™-)^-2..e(.,X2+.o™-+y™«)-2.ii:i^ 

Jo t^'^ J -00 



19 13 

TTi — y, m — aJQ; 



(4.15) 
The integrals over r7i^^,m^^ are Gaussian and yield 

J ^ I dt_ r °°^^^_^i(y2+^2+^2+^2)_|(^l + (gy)2 + (g^j,_:^)2)_2^itoiX2_ {4,.IQ) 

.1 f^ .1 —r>r^ 
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The integral over 9 is again Gaussian, and the t integral is of Bessel type so all 
integrals can be computed explicitly. The saddle point yields a classical action at 



2/2 + xl y{y^ + xl)' 

Taking into account the measure factor, we find that in the standard representation, 
the kernel becomes (rescaling all variables {y,Xo,Xi,X2,X3) by 1/{2tt)) 



47r ^/{y' + xl + xlKy^ + xl + xl){y^ + xl + xl) \^-^^^ji^l^ 



Id, = ; ^ , ^ Ko I ^-^ "- ^— -: — "-^ — -—^ "- ^ I e -—0^ 

(4.18) 



This expression is the prototype of the spherical vectors that we will obtain later on, 
and therefore deserves several comments: 

(i) It is invariant under permutations of {xi,X2,X3), i.e., under 5*0(4,4) triality 
which was manifest in the standard representation but not at all in the string- 
inspired one. In fact, on the basis of Heterotic/type II duality, it was found 
that the one-loop string amplitude ( |4.4| ) for n = 4 would have to be invariant 
under triality |^ (see also ||2^ for a related observation). Therefore our 



triality invariant result gives strong support to non-perturbative Heterotic/type 
II duality. 



ii) The spherical vector ( [4.1^ ) could also have been derived by solving the differen- 



tial equations for iiT-invariance. As we will show for exceptional cases later, the 
system of PDE's reduces to a single differential equation for a single function 
of the variable 5*1, 

^^ _ Viy"^ + xg + xf)(i/2 + xl + xl){y^ + xl + xl) 

y"^ + xl 

This is equation is a linear second order differential equation of Bessel type, 
for which (|4.18|) is the only solution with exponential decrease at infinity {i.e., 



Si -^ cxd). The same phenomenon will also hold for exceptional groups, except 
that the variable Si will be a more complicated function of the coordinates 
{y, Xi) (but reducing to the same form (|4.19| ) for particular configurations of 
the variables Xj), and that the order of the Bessel function will be different. 



^i) 1 



(iii) The phase exp(— iS'2), where 5*2 is the imaginary part of the classical action 

S2 = . ?^' 2, ' (4-20) 

y{y^ + xl) 
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is precisely such that the spherical vector is invariant under the Weyl generator 
A in ( p.ll| ). Indeed, this follows from the trivial identity 

^3 yh xoh 



xoy xo{xl + y'^) y{xl + y^) 
Defining 



(4.21) 



f{y,Xi)=g{y,Xi)e ^(^^+^o) (4.22) 

we see that the invariance under A requires g to be symmetric under (y, xq) — » 
(— Xo,2/). In fact, the invariance under the compact generator Ep^ + -E_/3o 
requires g to depend on (y, xq) through y'^ + x'l only since it acts on the function 
g{y,Xi) as the rotation operator ydo — xod. This will hold for all simply-laced 
groups. 

(iv) In the limit (l/,Xo) — >■ 0, due to the asymptotic behavior Ks{y -^ oo) ~ 
e^^y7r/(2y), the spherical vector takes a much simpler form 

1 1^:1^:2^31 1 _lfif2f3l 

fm ~ ,, e y- or . e y^ (4.23) 

^/\xlX2Xs\ VFi^2a;3| 

depending of the sign of a;ia;2a;3, where z = y + ixq. We recognize the same 
kernel as in the definition of the Weyl generator A in ( p.ll| ). The spheri- 
cal vector ( |4.18| ) can therefore be thought of as a Fourier-invariant non-linear 



(physicists would say "Born-Infeld" ) completion of the Fourier invariant kernel 
in (111]). 

The result for the spherical vector ( [4.18| ) may be rewritten more compactly in 
terms of the Euclidean norm 1 1 (xi, X2, . . . ) 1 1 = ^/xf + x^ + ■ ■ • as 

f = iKo(\\{X,VxC4))\\) exp(-.^), (4.24) 



R"^y""' '^^\RJ'"J """^ " yR^ 

where R = \\{y,Xo)\\, X = {y,xo,Xi,X2,X2,) and Vx{h/R) denotes the gradient 
of /3/-R with respect to the X coordinates. 

(vi) The p-adic spherical vector in the string inspired representation can be read off 
from the large volume expansion (|4.5|) , 

U{m'\mAm = 0) = [\{lM')) ^"^^'^^^'^"^ . (4.25) 

The corresponding spherical vector in the triality invariant representation can 
be obtained via intertwining by p-adic Fourier transform. We leave the details 



of this computation to |T3[ , and simply mention that it takes the same form as 



(|4.24|) , upon replacing the Euclidean norm with the p-adic norm 1 1 (xi, X2, 



max(|xi|p, |x2|p, ■■■)■, and Kq by a simple algebraic function. 
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Dn spherical vector in the standard minimal representation. 

Before moving on to exceptional groups, let us note that the same manipulation 
can be performed for higher SO{n,n) groups. In the string representation there are 
n{n — l)/2 variables m''^ subject to constraints 

en...^,^,^,klm''m'' = ^ m^'^m"'^ = . (4.26) 

Of these, only (n — 2)(n — 3)/2 namely m}^'^m^^^ = (say), are independent, so the 
dimension of the minimal representation is 

n(n — 1) (n — 2)(n — 3) ,, „, 

^ ^ - ^ ^^ ^ = 2n-3 (4.27) 

as given in Table ^j. 

The intertwining operator is a Fourier transform on n — 3 variables, and its 
action on the spherical vector ( [4.7|) can be computed using the same manipulations 
as before. We quote 



where 



fr^ - 


f 


y' 


' + xl + 


x\ 


\ 4 


Kr.-,{Si)e-'^^ 


Jd„ 


w 


+ 4? 


+ {y^ + 


xl)P 


+ QV 


/ 9 1 2 


Viy' 


+4y 


' + {y' 


+ xlYh 


+ (r 


= + 4) (/| 


-h)/2 + {hY 



(4.28) 



y^ + xt 

S2 = . T[' 2, (4-30) 

y{y^ + x^o) 



and 



2n— 5 n— 3 

i=2 i=l 

I2=xl + P , h = xiQ , I^ = xt + P^~ 2g2 . (4.31) 

In contrast to the n = 4 case, for n > A the spherical vector must be invariant 
under the maximal compact subgroup Kq = SO{n — 3) x SO{n — 3) of the linearly 
realized Hq = SO{n — 3, n — 3, R). This is indeed the case of our result, since P and 
Q are the i^o-invariant square norms of the SO{n — 3, n — 3)-vector (x2, . . . , X2n-^) 
{Q is even Hq invariant). Using this symmetry we can choose all Xj>3 to vanish. In 
this case the classical action, S = Si +182 reduces to the D4 case ( f4.19|j4.20| ). As for 
1^4, we can express the D^ spherical vector more compactly as 

,.„ . i.(fe^)"-',^(|K., V.(|)„) e.p ( -.^) . ,4.3, 
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ReieJCtix) = x ^Kt{x), X = {y,xo,Xi, . . . ,a;2„-5) and i? = ||(y,Xo)||. The form ( [4.29|) 



of the argument of the Bessel function in terms of the three ii'o-invariants I2, I3, Ia, 
will apply to the exceptional groups as well as will as the overall form ([4.32|) . 



As in the D4 case, the p-adic spherical vector in the string inspired representation 
can be read off from the large volume expansion of the symplectic theta series. The 
spherical vector in the "standard" minimal representation could therefore be obtained 
by p-adic Fourier transform. 

4.2 Eq 

In the case of exceptional groups, we unfortunately do not have a string-inspired 
representation which we could use to obtain the spherical vector. In fact, it is the 
other way around, since we are aiming at a "membrane-inspired" representation 
for exceptional theta series! Our only remaining line of attack is therefore to find 
an explicit solution of the differential equations {E^ ± E_a)f = determining the 
spherical vector. 

For this, let us recall that (i) once the phase factor in ([4.22| ) is factored out, the 



dependence of / on {y, xq) is through (y^ + Xq) only, and (ii) that the spherical vector 
has to be invariant under the maximal compact subgroup Kq of Ho, which is linearly 
realized on (xi, . . . ,Xd)- Our first task, therefore, is to determine the invariants of 
{xi,...,Xd) under Kq. 

In the Eq case, from Table |] the variables {xi, . . . ,Xq) transform in a (3,3) 
representation of Hq = Sl{3) x Sl{3). Using the Kq transformations implied by the 
explicit expressions for the roots given in the Appendix, we can assign the 9 variables 
to a 3 X 3 matrix 

/xi X3 xe\ 
Z = 1x2X5X9] , (4.33) 

\X4 x-j xj 

on which S'/(3) x 5/(3) act linearly by left and right multiplication respectively. An 
independent set of invariants under the maximal compact subgroup Kq = 5*0(3) x 
5*0(3) is given by the quadratic, cubic and quartic combinations 

h = Tt{Z'Z) , Is = - det(Z) , h = Tt{Z'ZZ'Z) , (4.34) 

In fact, I3 is our familiar cubic form, invariant under the whole of Hq and not only 
its maximal compact subgroup. Note also that higher traces are algebraically related 
to the ones above. 

Now, given that the spherical vector has to be invariant under Kq, we can work 
in a frame where Z is diagonal keeping {xi,X5, xg) as the only non- vanishing entries. 
The invariants then reduce to 

h = xj + xl + xl , Is = -X1X5XS , /4 = Xi + X5 + Xg . (4.35) 
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Let us now consider the equation {E/^-^ — E_p-^)f = 0. The negative root generator 
ii^_/3i can be obtained by commuting the negative roots given in the appendix, and 
reads 

2 1 

E_/3, = xid + ixo^d^ds - djdg) + -xi + - (xi (0:595 + X7d-r + x^ds + xgSg) 

-X2X'id^ - X2Xedg - x^Xidr - x^xeds) ■ (4.36) 



Using the ansatz ( [4.22[ ) and setting all Xi=o,...,9 but (xi, x^, xs) to zero at the end, we 



get a first order differential equation 

xiix^d^ + xgSg -2)g + y\di + 2x1^^) (7 = 0, (4.37) 

which is solved by gijj'^.Xi.x^.x^) = ■^h{y'^ + x1,—,—). Demanding invariance 
under the compact generators of P^ and Ps requires the same equation to hold for 
permutations of xi, X5, xs so the only possibility is 

.(.^ .... .,) ^ 1 n (VWT^WTWElim . (4.38) 
y \ y J 

The argument of h is easily recognizable as the universal form 5*1 in ( [4.19|) and we 
can restore the dependence on all variables using Kq invariance; first in our particular 
frame we write 

_ y^{y'^ + xl){y^ + xl){y^ + xl) 
Ji — 5 

y 

^ Vy^ + y\xl + xl + xl) + y^jxf + xl + x|) + {xiX^XsY ,^ ^^. 

y2 



Then using the relations ( [4.35|) for the invariants I2, I3 and /4, and recalling that the 
dependence on [y, xq) is through the norm y'^ + Xq, we find that h has to depend on 
the coordinates {y, xq, . . . , xg) through the combination 

In fact, this expression can be rewritten in a much more concise way as 

ft=^M£^;±E™, (4.41) 

where z = y + ixq and I3 is the 3x3 identity matrix. This expression is manifestly 
invariant under 50(3) x 50(3) x 50(2) C K. 

Finally, the {Ea^ — E_a-i)f = equation reduces to 

h" + |-/i' -h = 0. (4.42) 
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This is a Bessel-type equation, solved hy h = Ki/2{Si)/y/Si oc e^^'^/Si. Altogether, 
we have thus found an explicit expression for the Eq spherical vector in the minimal 
representation. 



-51 -i 



a^d-T; 



(1^3 



xnl'A 



I 



ig + >'2l 



Ee 



{y' + xl)s 



oc 



+y'') 



{y' 



X. 



OJ 



^x 



(4.43) 



As in the D4 case, this expression simplifies greatly in the limit \z\ — * 0, 



/ss 



detZl 



(4.44) 



or its complex conjugate, depending on the sign of det(Z). 

While this spherical vector has been constructed in the standard representation 
presented in Section 3, other choices of polarization can be relevant in certain appli- 
cations, and yield different expressions for the spherical vector. In the E^ case, there 
is another interesting polarization, where the linearly realized group is S'/(5) rather 
than S'/(3) x S'/(3). By looking at the root lattice displayed in the appendix, it is 
easy to see that this representation can be reached by performing a Fourier trans- 
form on the coordinates [x^^x^^^x^. This breaks one of the S'/(3) factors, but the 
other unbroken factor gets enlarged to an S'/(5), under which the 10 new coordinates 
transform as an antisymmetric matrix 

/O -J98 P9 xx x-\ 

-pe ^2 x^ 
X = x^xj (4.45) 

a/s xq 

where {p6,P8,P9) are the momenta conjugate to {xQ,xs,xg). The spherical vector in 
this representation is obtained by Fourier transform on {xQ,xs,xg), 

dxQ dxs dxg 



f. 



E6 



y 



3/2 






2i{pQX6+pso:s+P9Xg) /y 



(4.46) 



Remarkably, the integral can still be computed by the same method as in Section 4.1, 
and yields the simple result 



Ieq = —j==Ki -\/Ji 

\/yJA \y 



where J4 is the polynomial of order 4, 



Ja 



y 



^Tr(X2) + - ((TrX2)2 - 2TrX^) 



(4.47) 



(4.48) 



manifestly invariant under the maximal compact subgroup 5*0(5) C 5/(5). Note that 
Xo is now unified with the other Xi coordinates, and that the phase has disappeared. 
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4.3 E7 



The same strategy presented for Eg above yields the E^ and E^ spherical vectors. In 
the case of E^, the minimal representation has dimension 17, and is realized on a space 
of functions of {y, xq, . . . , X15). The linearly realized subgroup is Hq = Sl{6, M), with 
maximal compact subgroup Kq = 5*0(6, M). The coordinates (xi, . . . , X15) transform 
in the adjoint representation of Hq. Using the explicit expression for the roots given 
in the Appendix, we can fit them into an antisymmetric matrix 

/O —Xi X2 ~X4 —Xq Xq \ 

X3 -X5 -xs X12 
xj xii -xis 

-Xi4 Xi3 

a/s xiQ 



\ 



/ 



The independent invariants of Z under the adjoint action of 50(6, 
Casimir operators of 50(6) ~ 5'/(4), i.e. 



(4.49) 



are the three 



'-Tt(Z' 



-PfZ, 



-Tt{Z' 



(4.50) 



As for Er, h, is in fact invariant under the full Hn, and is the cubic form that enters 



the expression of the Weyl generator A in (|3.11|) . Using the action of Kq, we can 
skew-diagonalize Z, and set all coordinates but Xi,Xt,Xio to zero. The invariants 
then reduce to the simple symmetric combinations 



I2 = x^ + x^ + XiQ , Is = -X1X7X10 , h = Xi+ X'j + Xio • (4-51) 

Looking at the action of Ep^^^, we again find that the spherical vector must take 






the form / = h{Si)e y(y'+-l) / {y'^ + xg)^/^, with 5*1 the usual form in (|^). As in 
the Eq case, it can be written more compactly as 



^1 



A/det(Z+ \zW 



(4.52) 



where again z = y + ixo- 

The equation {E^^ + E_a2)f = now requires h" + ^h' — h = 0, hence h 
Ki{Si)/Si. The Ej spherical vector is therefore given by 



L 



Er 



i ^0^3 



(y2 + xi)y^s, 

with 5*1 as in (|4.4CI| ). In the limit \z\ — > 0, this reduces to 



Iet 



PfZ 

e~ y 

I PfZ 1 3/2 



(4.53) 



(4.54) 
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or its complex conjugate, depending on the sign of PfZ. 

As in the Eq case, we can find the spherical vector for other polarizations as well. 
A particularly interesting one is obtained by Fourier transform on the last column 
of the matrix Z in ( ^.49| ), which, as examination of the root lattice shows, yields 
a representation with an 5*0(5, 5) group acting linearly. The 16 coordinates now 
transform as a spinor of 5*0(5, 5), or as 1 + 10 + 5 in terms of its 5/(5) subgroup, 

/O —Xi X2 —Xi —Xq \ I P9 \ 

0:3 -X5 -xs P12 

xr xii , Y = -pi5 
a/s — Xi4 pi3 

/ \Pw J 

Again, the Fourier transform of the spherical vector (|4.53|) can be computed using 
the same method as in Section 4.1, and yields a simple form 

,3/2 /I 



Xo 



X 



\ 



(4.55) 



Iej 



y 



j: 



5/4^3/2 



(4.56) 



where J4 is a 5*0(5) x 5*0(5) invariant polynomial of degree 4, 



Ja 



y' + y' 



xl + r*F - ^TrX^ 
2 



(4.57) 



i(TrX^-i(TrXY) 



+ I Xn yy - -['iiX^- -(TrA^)^) -2xoX AX AY 
and the last term denotes the contraction with the five-dimensional Levi-Civita ten- 



sor. 

4.4 Es 

Finally, in the Eg case, the minimal representation has dimension 29, and is real- 
ized on a space of functions of {y,Xo, . . . ,X27). Eq is linearly realized, and acts on 
(xi,...,X27) in the 27 representation. Its maximal compact subgroup is USp{8), 
under which the {xi, . . . ,^27) transform as an antitraceless antisymmetric represen- 
tation. It is somewhat awkward to fit the 27 coordinates into an such a matrix, 
nevertheless we can easily find their transformation under the 5*^(3) x 5*/(3) x 5*/(3) 
subgroup of Hq = Eq. We have the branching rule 

^6 3 Sl{3) X 5/(3) X Sl{3) 

27 = (3, 3, 1) © (3, 1, 3) © (1, 3, 3) (4.58) 

so that the Xi can be assigned to three 3x3 matrices 



U' 
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a^io a;ii X13' 

X12 Xi4 XiQ 
\Xi5 XiY 0:20/ 



V, 



Xj Xg Xis' 

12 = 1 —Xq —Xs a;2i I , 
X4 X5 a;24/ 



W, 



23 



'X27 -a;25 2:22 

3^26 —3^23 3^19 
X3 X2 Xi 



(4.59) 
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acted upon from the left and from the right by the S'/(3) factors denoted in subscript. 
The maximal subgroup Kq = USp{8) of Hq = Eq branches itself into SO (3) x SO (3) x 
SO (3), where the three SU(2) are generated by {K^^, Ka-^, Kag), {—Ka2, Kar^, Ka^,^) 
and {Ka^,Kag,Kai2) where K^ = E^ + E_a, respectively. The invariants under 
Kq can be constructed out of the 5*0(3) x 5*0(3) x 5*0(3) invariants by requiring 
invariance under the extra Ka4 compact generator, and read 

/2 = Tt{U'U) + Tr(\/*\/) + Tt{W'W) , (4.60) 

h = Tt{UVW) - (det(f/) + det(\/) + det{W)) , (4.61) 

h = Tt{UU'UU') + Tt{VV'VV') + Tt{WW'WW') 

~2{Tr{UVV'U') + Tt{VWW'V') + Tt{WUU'W')) (4.62) 

+2(Tr(f/*f/)Tr(\/V) + Tt{V'V)Tt{W'W) + Tt{W'W)Tt{U'U)) 
+4{det{W)Tr{UVW"') + det{U)TT{VWU-') + det{V)TT{WUV-')) 

Equivalently, we can make the 5*/ (6) x 5*/ (2) subgroup of Hq manifest, by arranging 
the (15, 1) + (6, 2) ajj's into an antisymmetric 6x6 matrix and a doublet of 6- vectors. 



/O X5 xs ajio a;i2 Xi^X 




/ Xj\ 




(x,s\ 


Xg Xu Xi4 Xyj 




-Xq 




X2\ 


Xxz Xx& X20 
Xig X23 


, Y^ = 


X4 
X3 


, Y2 = 


2^24 


aj s X2% 




X2 




X2-, 


\ O) 




\xi ) 




^-0:22/ 



(4.63) 



In this notation, the i^o- invariants can be rewritten more concisely as 



/2 = -Tr(Z2)/2 + Tr(r,r/), 

h = Pf (^) + Tr(r/ZF2) , 

h = ^Tr(Z^) + Tr((r,r/)2) + 2TrF/ZV, 

-(TrZ2)(Trr,F/) + le'^'''"'^Z,,ZkiYX ■ 



(4.64) 
(4.65) 

(4.66) 



Using an USp{8) rotation, we can set all Xj's to zero except e.g., a;i,X2o,a^24- The 
invariants above then reduce to 



X 1 ~r ^of) ~n ^ 



24 5 



"2^13^20^24 



T 4 I 4 I 4 

-14 — X -I ~Y~ "^20 '' 



24 



(4.67) 



The Pi 20 24 equations require the ansatz 



f=^y^ + ^lyW^hiSi)e '^^(^I^ 



(4.68) 
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Si 



while the ay equation gives h" + -^h' 
spherical vector is therefore 



h = and hence h = K2iSi)/Sf. The Eg 



K2iS, 



.p y(x^+y'^) 



(^2 + 3-2)5/2^2- " (4-69) 

with 5*1 as in ( [4.40| ). Again, the real part of the action Si can be more compactly 
written as 



Si — -j— TTT 



det(Z + l^lle) + |z|^Tr(FiF/) 



(4.70) 



1 



+ |zn 2 det(y^Fj) + Tr(riF/)TrZ2 --ZAZAY1AY2 



ap^ - ^' ^ " 2 

+Tt(YIZY2) (2Pf (Z) + Tr(F/ZF2)) 

As for Eq and Ej, another interesting representation can be obtained by Fourier 
transforming on the 13 coordinates {xo,Yi,Y2) (or, equivalently, under the 15 coor- 
dinates in Xy. In this polarization, the linearly realized symmetry group is enlarged 
to 5'/(8), and the 28 coordinates Xq, . . . ,^27 transform as an antisymmetric matrix 

/O X5 xs xio X12 xis pj Pis \ 
xg xii xi4 xn -pe P21 

Xi3 X16 X20 P4 P24 

Xi9 X23 -P3 -P27 

X26 P2 P25 

Pi -J922 

a/s po 





X 



\ 



(4.71) 



/ 



It would be interesting to find the spherical vector in this representation. 

Summary. The general form of the spherical invariant for -£^6,7,8 in the standard 
minimal representation is 



fE„ 



^s/2(5'l 



^oh 



.g vi^Q+y^) 



(y2 + x2)(-+l)/2 

^^./2(||(X,V.(|))||)exp^ -'^'^ 



R 



yR^ 



(4.72) 



where JCt is expressed in terms of the standard Bessel function as /Ct(x) = x^^Kt{x) 
and the "classical action" 5*1 is given in terms of the quadratic, cubic and quartic 
invariants /2,3,4 by 



c VJy' + 4f + Jy' + ^lYh + {y' + xg)(/| - h)/2 + il ..^^fh 

oi = ^— — 5 =||(^A,Vx 



Xn 



R 



(4.73) 



^This representation has also been constructed independently in 
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where X = {y,XQ,Xi), R = \\{y,Xo)\\ and s = 1,2,4 for n = 6,7,8 respectively. The 
parameter s can be identified with the dimension of the field M, C, EI entering in the 
alternate construction of the minimal representations of £^6,7,8 through Jordan alge- 
bras in []10[. We have also found alternate representations for Eq and Ey, where Sl{5) 
and 5*0(5,5) act linearly, respectively; the spherical vectors in this representation 
can be found in (|]i^,(|36|). 

4.5 Complex spherical vectors 

For completeness, we discuss the case of a complex group, for which our methods also 
allow us to derive the spherical vector. The complex group G(C) can be obtained 
by complexifying its split real form G(M), i.e., adjoining to the real generators Ei of 
G(R) a set of "imaginary" generators E'^ such that 

[Ti,Tj] = CijkTk , [Ti,Tj] = CijkTl, , [7^',Tj] = -cijkTk ■ (4.74) 

Equivalently, one can introduce the holomorphic and anti-holomorphic generators 

Tj = Tj + iTl, Ti = Ti- iTl, satisfying 

[T„ T,-] = Q.fcTfc , [T,, f,] = , [Ti, Tj] = c,,kTk • (4.75) 

We stress that the holomorphic generators Tj are identical in form to the original 
Ti except that the variables are now complex, while the generators Tj are obtained 
by replacing all variables by their complex conjugates. Dividing the generators into 
Cartan ones H^ and those associated with simple roots ^±a, the maximal compact 
subgroup K C G(C) is generated by 

E„ ± 1_„ , 1„ ± E_^ and H^ - e„ . (4.76) 

[The choice of sign again depends on the conventions for positive and negative roots.] 
K is simply the real compact group of the same type as G. The simplest exam- 
ple is Sl{2,C) with maximally compact subgroup SU{2). The spherical vectors in 
the complexified metaplectic and Eisenstein representations (see ( p.5|) , (^l6| ), (|2.71 ) 
and ( p:20D , {^2^, ( ^1221) respectively) are 



fmeta = C""" , fE^s = Ixl^-^^ir,,! (2 \x\) . (4.77) 

For the groups D^, Eq, Ey and Eq, the form of the complex spherical vector 
in the standard minimal representation is uniform. Again, the requirement that 
/ be annihilated by the linearly realized compact subgroup allows us to reduce 
the problem to one in five complex variables {y,xo,xi,X2,X3) (for -Eej.s we have 
renamed the remaining Xj's for simplicity and will relabel corresponding roots ac- 
cordingly). The compact Cartan generators Hq, — Hq, imply that the all depen- 
dence is through the complex modulus or the ratio xiX2X3/{yxo), namely / = 
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f{\y\, \xo\, \xi\, \x2\, \x3\,XiX2Xs/{yxQ)). The compact generators of the root attached 
to the affine one 



il 



ih 



E^o + E_^o = ydo -xod+—^, E^^ - E_^o = yd^ - xqO + ^^ (4.78) 

[where /s = xia;2a;3 + ■ ■ ■ ] imply the phase factor 

/ = exp(-zS'2)5'(||(y,a;o)||, kil, Ixal, Ixal) , (4.79) 



with 



^2 



|yp + |xoPv y 



Xph XqIs 



y 



(4.80) 



We can drop the xq dependence of the function g and reinstate it at the end of the 
calculation, so we look at the root j3i at xq = (and drop non-diagonal terms in 



the Xj's), 



Efl, - E_a, = ydi - xid ( s + 1 + X292 + Xa^s 

y 



(4.81) 



where the constant s = for D^ and s = 1,2,4 for -^6,7,8- This implies (at xq = 0) 
that 



9 = \y\ 



-2(.+i) ^ (^ V{\y? + \ximy? + \x2my? + \Wi 



(4.82) 



Finally, we examine the root ai at xq = with diagonal Xj's 



Ea, + E_«, 



1X2X3 
y 



+ a;i(9o + iy[d2d-i + [s off-diagonal double derivatives] j 



(4.83) 



Note that we may not neglect xq or off-diagonal Xj derivatives even though these 
variables are set to zero at the end of the calculation. In turn the function h satisfies 
the ordinary, Bessel-type, differential equation xh" + (2s + l)h' + x/i = (to ver- 
ify that the s off-diagonal double derivative terms in ( |4.83D produce the coefficient 
2s requires knowledge of the invariants of the linearly realized compact subgroup 
described below). 

It is now a matter of reinstating the dependence on the remaining variables; 
orchestrating the above results we find the complex spherical vector 



/ 



lCs{Si) 



(I2/P + ko 



2^s+l 



exp 



—I 



Fol 



2^0-^3 2:0/3 

y y J 



(4.84) 
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where s = 0, 1,2,4 for D4, E^jg, respectively, and /Ct(x) = x ^Kt{x). The action is 
, Vi\y\' + l^oP)3 + (I2/P + \xo\'yi2 + (bP + |xoP)(/| - h)/2 + IJ3P 



^1 



I 19 I I 19 ' 

|yr + For 

(4.85) 



and I2, I3, 1 3 and J4 are the invariants of the hnearly reahzed subgroup. For Eq and 
Ej they are subsumed by the elegant formulae 

^Ee ^ Vdet{ZZ^ + {\y\^ + \xo\^)h) j,. ^ {detjZZ^ + {\y\' + \xo\')\))'/^ 

1 I 19 I I 19 ' 1 I 19 I I 19 

(4.86) 

The matrices Z are the same as (|4.33|) and ([4.49|) for complex variables; the cubic 
invariant I3 is holomorphic and takes the same expression as in the real case. The 
quadratic and quartic invariants I2 and I4 have the same form as in the real case 
with hermitian conjugation replacing transposition. Finally, we note that a rewriting 
in terms of the norm 1 1 (xi, X2, . . • ) 1 1 = A/|a;iP + |x2p + ■ ■ ■ and R = \\{y,xo)\\ also 
holds 



/=S5i7fIT«2|l(-'f.«^4#)ll'<'^P(i?[^ + ^])- (""' 



Xo^ X0/3] 

y y 



Similar generalizations of the spherical vectors for complexifications of the groups 
An and D^ may also be obtained using exactly the methods presented above, the 
former is trivial, while for the D„ case we find 



,„„._L(Ii.:^)-',„_.(,ll,,,,v.(| 



1 f\\{y,xo,xi)\\Y'^ ^ f^iuv T3^ fll\\\\ /-i_yxoh xoh 

\r2)\\) ^^PU4 y ^ y 

(4 



5. Discussion 

The main object of this paper was the derivation of the spherical vector for the min- 
imal representation of real simply laced groups in the split real form. Our results 
are displayed in ( [4.28|) and (|4.72|) above. This spherical vector is an essential compo- 



nent in the construction of automorphic theta series for exceptional groups. It has 
been proposed that such objects would provide the partition function for the winding 
modes of the quantum eleven- dimensional supermembrane in M-theory. Although 
the physical interpretation of the results obtained herein will be discussed elsewhere, 
we close with some comments, both mathematical and physical: 

(i) We have obtained the spherical vector over the real field. As we have explained 
in Section 2, the spherical vectors over the p-adic fields Qp are also important, since 



32 



their product gives the summation measure when constructing a theta series. Unfor- 
tunately in the p-adic case, we cannot rely on partial differential equations anymore. 
One may however require both the spherical vector and its A and S transforms to 
have support on the p-adic integers, which together with invariance under the lin- 
early realized maximal compact group Kq{Zp) should fix it uniquely. Nonetheless the 
presentation of the real spherical vectors in terms of norms does suggest a natural 
generalization to the p-adic case. 

(ii) We have left the space of functions of {y, xi) unspecified. In order for the 
generators S and A to be well-defined, it should consist of functions in the Schwartz 
space, as well as their images. The main issue is the regularity at the origin. A 
proper understanding of this issue would provide the degenerate contributions to the 
theta series which we have overlooked in this paper. 

(iii) We have only discussed the minimal representation for simply-laced groups. 
For non-simply laced cases, some differences arise: for G2 and F4, the minimal rep- 
resentation does not contain any singlet under reduction to the maximal compact 
subgroup K C G, therefore there is no spherical vector, but a multiplet of such 
vectors transforming into each other |2^. It would be interesting to find the wave 
function for the lowest such multiplet. For Bn>3, there simply does not exist a rep- 
resentation of the same dimension as that of the smallest nilpotent subalgebra [^ 



For the symplectic case C„, the spherical vector is not annihilated by the compact 
generators, but has a non-vanishing eigenvalue. 

(iv) From a physical viewpoint, the simplicity of our results is very encourag- 
ing. Specifically, in the Eq case, we have found a representation on 2 + 9 variables, 
such that 9 of them transform as a bifundamental under Sl{3) x Sl{3) in Eq: these 
variables should be identified with the winding numbers of a membrane on T^, with 
the two Sl{3) factors being the worldvolume and target space modular groups, re- 
spectively. The target space Sl{2) U-duality group, corresponding to the modular 
transformations of the modulus r = C123 + iVs, would then be realized through 
Fourier transform {i.e., Poisson resummation). It would be very interesting to un- 
derstand the physical meaning of the two extra quantum numbers {y, Xq) that we 
found necessary for realizing the symmetry. It would also be important to understand 
if the Born-Infeld-like action ( |4.41| ) for the zero-modes of the membrane can be gen- 
eralized to include fluctuations, and yield a new description of the membrane where 
U-duality is non-linear ly realized as a dynamical symmetry. For Ej, we have con- 
structed a representation in terms of 2-1-15 variables, with an action ( [4.52|) suggestive 



of a Born-Infeld-like action on a six dimensional worldvolume, whose interpretation 
is unclear. For Eg, we have a representation on 2 -|- 27 variables, where 27 of them 
transform linearly under Eq. This is the appropriate number of charges for M-theory 
on T^, so the spherical vector ( [4.69| ) should correspond to the membrane (or, perhaps 
more appropriately, the five-brane) partition function on T^ in the Schwinger rep- 
resentation, where the sum over EPS states is apparent. The modular group Sl{3) 
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should then be reahzed by Poisson resummation. It would be very interesting to 
find a representation where 5"/ (3) acts linearly, and identify it with the membrane 
action. The intertwining operator between the two representations would then real- 
ize membrane/five-brane duality. Finally, the representations we have displayed can 
be used to construct quantum mechanical systems with spectrum-generating excep- 



tional symmetries, much in the spirit of conformal quantum mechanics [^. It would 
be interesting to see if they can play a role in string theory. 
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A. Group theory data 

In this appendix, we supply the list of positive roots for all simply-laced groups, 
graded by their charge under the affine Cartan generator i/^. The grade-one sub- 
space is presented in the standard polarization, as explained in the text below equa- 
tion ( p.3| ), and the action of the Weyl reflection A w.r.t. to f3o is indicated. The 
explicit expressions for the cubic invariant Is, the Cartan generators and the (posi- 
tive and negative) simple roots in the minimal representation are listed. The expres- 
sions for the grade 1 and 2 positive roots are given in ( p.4|) , and repeated here for 
convenience, 

Ep^=ydi, E^.=ixi, E^ = iy , i = 0,...,d-l . (A.l) 

The Cartan generators for the simple root /?o and the affine root u take also universal 
forms, 

H(3o = -yd + xodo (A.2) 

H^ = -u-2yd-J2^A (A.3) 

j=0 



34 



up to the "normal ordering constant" u = (n — 1), 6, 9, 15 for D„, Eq, E^, Eg, respec- 
tively. More compact expressions can be obtained by making manifest the covariance 
under the linearly realized group Hq. 

A.l An 
Dynkin diagram: 



O 

1 



■O 

2 



■O 
3 



■O 



Po Oil Ct2 

Positive roots: 



— O 

n 

ttn-l 



ai 
a2 

Otn-2 

Otn-\ 

Otn 

Ot2n-h 



(0, 1, 0, 

(0,0, 1, 

(0,0, 0, 

(0,0, 0, 

(0, 1, 1, 

(0,0, 1, 

(0,0, 0, 
(0,0,...^ 



0, 
0, 

0, 

1, 
..,0 
0, 

••, ■••,0 

1, 1, 



0, 

1, 



A(/3i 



A{fi2 



a 



(n-l){n-2)/2 = (0, 1, • • • 



1, 



A{fin-2 



/9o 



A 



'n-2 



;i, 0, 0, 0,0) 70 

;i, 1, 0, 0,0) 71 

(;, ;, ■•.,0,0) ; 

;i, 1, •••, 1, 0) 7n-2 



(0,1,..., 1, 1) 

(0,0, 1, ...,1) 

(0,0,..., ••.,!) 

(0,0,..., 0, 1) 



cu=(l,l,...,l,l)=A(7o) 
Cartan generators [y = (n + l)/2 in the standard minimal rep): 

-f^n., = -aJo^o + xxdx 



'ai 



H^ 



-Xxdi + X2l92 



R = -X 



K 



7n-2 



n-3(^n-3 + Xn-2(Jn-2 
V -yd- XqOo Xn-zdn-'i - 2Xn-2dn~2 
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Simple roots: 



E, 



Ol 



02 



xodi , 



E. 



a\ 



02 



X2l9i 



Ea„^2 ~ ^n-3'Jn-2 5 -^-an-2 ~ Xn-2'Jn-3 



A.2 A 

Dynkin diagram: 

4 O "3 



O 

1 



■o 

2 



■O 
3 



ttl Po Oi2 

Positive roots: 



Cubic form: 



Cartan generators: 



-O 

5 
0:4 



0:2 

as 
0:4 

0:7 



(1,0,0,0,0) 
(0,0,1,0,0) 
(0,0,0,1,0) 
(0,0,0,0,1) 
(0,0,1,1,0) 
(0,0,1,0,1) 
(0,0,1,1,1) 



/3o 

Pi 

P2 

Pa 
P^ 



(0,1,0,0,0) 
(1,1,0,0,0) 
(0,1,1,0,0) 
(0,1,1,1,1) 
(0,1,1,1,0) 
(0,1,1,0,1) 



7o 
71 
72 

73 

74 
75 



^(A) 

^(/32) 

A{P,) 
A{P,) 
AiP^) 

(1,1,2,1,1) 
(0,1,2,1,1) 

(1,1,1,1,1) 
(1,1,1,0,0) 
(1,1,1,0,1) 
(1,1,1,1,0) 



H. 



02 






03 



Q4 



a;= (1,2,2,1,1) =A(7o) 



h = Xi(x2X3 - X4X5) 



-yd + xqOq 

-2 - xo^o + a;i9i - a;2(92 - x^id^ 

-1 - Xo^o - Xi^i + a;2(92 - ^3(93 

-a;2(92 + a;3(93 + xaOa - x^d^ 

-X2l92 + X3d3 - XaSa + Xs^s 



xaSa - x^d^ 



36 



Simple roots: 



Ea 

E. 



oi 



as 



E. 



E_ 
E_ 
E_ 
E_ 



"4 



a2 



03 



-xo^i - i{x2X^ - XiX^)/y 

-xo^s - ixix^/y 

x-2d4: + a;5(93 

-0:2 ^5 - Xid^ 

xiOq + iy {8283 - 8485) 

x2do + iy did^ 

-Xg^s - X4(92 
X^di + X5d2 



A.3 Ea 



Dynkin diagram: 



2 Q/9o 



O 

1 



■o 

3 



tti 0:2 
Positive roots: 



-O 

4 
as 



-O 

5 
0:4 



-O 
6 

as 



ai 

^2 

as 
0:4 

^7 



(1,0,0,0,0,0) =A(ai) 

(0,0,1,0,0,0) =A(a2) 
(0,0,0,1,0,0) =A(A) 
(0,0,0,0,1,0) = A{a4) 

(0,0,0,0,0,l)=A(a5) 
(1,0,1,0,0,0) =A(a6) 

(0,0,1,1,0,0) =A(/52) 



«8= (0,0,0,1,1,0) =A(/33) 
^9= (0,0,0,0,l,l)=A(a9) 
aio= (1,0,1,1,0,0) =A(/54) 
an = (0,0,1,1,1,0) =A{P,) 
ai2= (0,0,0,1,1,1) =A(/?6) 
ai3= (1,0,1,1,1,0) =A(/?7) 
ai4= (0,0,1,1,1,1) =A{P,) 
ai5= (1,0,1,1,1,1) =A(/?8) 
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Cubic form: 



/9o 

Pa 

P5 
Pi 
P9 



(0,1,0,0,0,0 
(0,1,0,1,0,0 
(0,1,1,1,0,0 
(0,1,0,1,1,0 
(1,1,1,1,0,0 
(0,1,1,1,1,0 
(0,1,0,1,1,1 
(1,1,1,1,1,0 

(1,1,1,1,1,1 

(0,1,1,1,1,1 



70 = (1,1, 2, 3, 2,1 

71 = (1,1, 2, 2, 2,1 

72 = (1,1, 1,2, 2,1 

73 = (1,1, 2, 2, 1,1 

74 = (0,1, 1,2, 2,1 

75 = (1,1, 1,2, 1,1 

76 = (1,1, 2, 2, 1,0 

77 = (0,1, 1,2, 1,1 

78 = (0,1, 1,2, 1,0 

79 = (1,1, 1,2, 1,0 



UJ 



;i,2,2,3,2,l)=A(7o 



-X^X^Xg, -r X1X7X9 -p X2X'^Xg — X2XqXj — 3^3X4X9 -p X/^X^Xq 



Cartan generators: 

HfBo 



H. 



02 



03 



Q4 



05 



-yd + xqOq 

— a;2l92 + X^di — Xs^s + X-jdj + Xs^s — XgSg 
-Xi^i + X2(92 - X393 + Xs^s - Xg^e + XgSg 
—2 — Xo(9o + Xi(9i — Xs^s — X-jdj — Xg^s — XgSg 
-Xi^i - X2(92 + X393 - X4(94 + Xs^s + Xjd-j 
-X3(93 - Xs^s + Xe^e - XySy + XgSg + Xg(9g 



Simple roots: 






Cl2 



E. 
E. 



a:i 



en 



E. 



E. 
E. 
E. 
E. 
E. 



"5 



ai 



Ct2 



«3 



04 



«5 



— X294 — X^d-j — Xgds 

-Xi92 - X3(95 - X6(9g 
-Xo(9i + ?(X5X8 - XjXg)/y 
—Xids — X2l95 — X4(97 
-X396 - X5(9g - Xr^s 
X4(92 + Xy^s + X8l9g 
X2l9i + X593 + Xg^e 

a;i<9o - iyid^ds - d-jd^)) 

X3(9i + X5(92 + x-jd^ 
X^d'i + X^d-j + Xg^s 
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A.4 Ej 
Dynkin diagram: 



2 O "1 



O 

1 



■o 

3 



-O- 

4 



■O 

5 



O 

6 



Po "2 "3 

Positive roots: 



0:4 0:5 
0:2 

"3 

0:4 

«6 
0:7 

"8 

aio 
an 

"12 
"13 
"14 
"15 
"16 
"17 
"18 
"19 
"20 
"21 
"22 
"23 
"24 
"25 
"26 
"27 
"28 
"29 
"30 



-o 

7 

"6 



(0 


1 














0) 


(0 





1 











0) 


(0 








1 








0) 


(0 











1 





0) 


(0 














1 


0) 


(0 

















1) 


(0 


1 





1 








0) 


(0 





1 


1 








0) 


(0 








1 


1 





0) 


(0 











1 


1 


0) 


(0 














1 


1) 


(0 


1 


1 


1 








0) 


(0 


1 





1 


1 





0) 


(0 





1 


1 


1 





0) 


(0 








1 


1 


1 


0) 


(0 











1 


1 


1) 


(0 


1 


1 


1 


1 





0) 


(0 


1 





1 


1 


1 


0) 


(0 





1 


1 


1 


1 


0) 


(0 








1 


1 


1 


1) 


(0 


1 


1 


2 


1 





0) 


(0 


1 


1 


1 


1 


1 


0) 


(0 


1 





1 


1 


1 


1) 


(0 





1 


1 


1 


1 


1) 


(0 


1 


1 


2 


1 


1 


0) 


(0 


1 


1 


1 


1 


1 


1) 


(0 


1 


1 


2 


2 


1 


0) 


(0 


1 


1 


2 


1 


1 


1) 


(0 


1 


1 


2 


2 


1 


1) 


(0 


1 


1 


2 


2 


2 


1) 



A{ai) 
A{Pi) 
^("3) 
A{a4) 

^("5) 
A{ae) 

^("7) 

Am 

A{ag) 

A{aio) 
A{au) 

- AiPs) 
^("13) 

- A{P,) 

^("15) 
A{ai6) 

- Am 

A{ais) 

- Am 
^("20) 

- Am) 

- Am 
^("23) 

- Am 

Am) 
Am) 
Am) 
Am) 
Am) 
Am) 
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/3o = 













0,0 


0^ 


70 = ( 


1,2,3,4,3,2,1) 


/9i = 







1 





0,0 


0^ 


71 = ( 


1,2,2,4,3,2,1) 


h = 







1 


1 


0,0 


0^ 


72 = ( 


1,2,2,3,3,2,1) 


(33 = 




1 


1 


1 


0,0 


o: 


73 = ( 


1,1,2,3,3,2,1) 


p,= 







1 


1 


1,0 


o: 


74= ( 


1,2,2,3,2,2,1) 


(3,= 




1 


1 


1 


1,0 


o: 


75 = ( 


1,1,2,3,2,2,1) 


(3e = 







1 


1 


1,1 


0^ 


76 = ( 


1,2,2,3,2,1,1) 


(37 = 




1 


1 


2 


1,0 


o; 


77= ( 


1,1,2,2,2,2,1) 


(38 = 




1 


1 


1 


1,1 


0^ 


78 = ( 


1,1,2,3,2,1,1) 


(39 = 







1 


1 


1,1 


i: 


79 = ( 


1,2,2,3,2,1,0) 


(3io = 




1 


1 


2 


2,2 


i: 


7io = 


(1,1,2,2,1,0,0) 


(3u = 




1 


1 


2 


1,1 


0^ 


7ii = 


(1,1,2,2,2,1,1) 


(3l2 = 




1 


1 


1 


1,1 


1] 


7l2 = 


(1,1,2,3,2,1,0) 


(3l3 = 




1 


1 


2 


2,1 


i: 


7l3 = 


(1,1,2,2,1,1,0) 


Pu = 




1 


1 


2 


2,1 


o; 


7l4 = 


(1,1,2,2,1,1,1) 


(3l5 = 




1 


1 


2 


1,1 


i: 


7l5 = 


(1,1,2,2,2,1,0) 



ix) 



(2,2,3,4,3,2,1) =A(7o 



Cubic form: 

h = -X\X-jX\i^ + X\XxiXxz - X1X14X15 + X2X^XiQ - X2X8X\z + X2X\2X\i^ - X3X4X10 + X'iXf^Xx'i 
— X'i^XijX\^ -\- X^X'^Xx^ — Xa^X\\X\2 — 2^5X53^x5 -r 3^5X9X11 -r X^^X-jXyi — XyXgXg 

Cartan generators: 






Aj 



Ho, 
H, 



02 



Q3 



Q4 



Q6 



-yd + xodo 

-X2(92 + X^dz - X4(94 + Xs^s - XqOq + Xg^s - XgSg + Xi29i2 

-3 - xo(9o + xi(9i - xy^r - xio^io - xn^n - Xi3(9i3 - xm^u - Xis^is 

-Xi(9i + X292 - Xs^s + X7(97 - Xg^s + Xudu - Xi29i2 + Xi5(9i5 
-X2<92 - Xg^a + X494 + Xs^s - Xn^n + Xig^ig + Xi4(9i4 - Xig^ig 
-X4(94 - X5(95 + X6(96 - Xr^y + Xg^s + Xio^io + Xn^n - Xi3(9i3 
-X6(96 - Xs^s + XgSg - Xn^n + Xi2(9i2 + Xis^is - Xu^u + Xi5(9i5 
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Simple roots: 



A. 5 Es 



Dynkin diagram: 



E, 
E 
E 

E, 



ctl 



02 



03 



04 



E. 



ae 



Ql 



02 



03 



E_ 

E-a4 
E-as 
E-ae 



^283 + X^d^ + XqOs + Xgdu 

-aJo^i + 2(3:7X10 - 3:11X13 + Xi4Xi5)/y 
a;i<92 + xr^dj + xsdn + xudiB 

X2dA + X3(95 + Xii^u + Xi5(9i3 
X^dii + X5(98 + X7(9ii + Xi3(9io 
Xe^g + X8(9i2 + Xii(9i5 + Xi4<9i3 

-X392 - x^di - xsde - X1299 
a;i<9o - iyidjdio - 9ii(9i3 + Sm^is) 

-X2(9i - Xy^s - Xii^s - Xi5(9i2 
-X4(92 - X593 - Xi3(9i5 - Xudii 
-XQdi - Xg^s - Xio(9i3 - Xii^T 
— Xgae — Xi2l98 — Xi3(9i4 — Xis^ii 



2 O "2 



0- 


-K>- 


-^ 


>- 


-K>- 


-0- 


-0- 


— 


1 


3 


4 


5 


6 


7 


8 


ai 


«3 


Q 


4 


«5 


"6 


ar 


/^o 
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Positive roots: 



ai = 


(1 




















0) 


= A(ai) 


"2 = 


(0 


1 

















0) 


= ^("2) 


"3 = 


(0 





1 














0) 


= ^("3) 


a4 = 


(0 








1 











0) 


= A{a^) 


"5 = 


(0 











1 








0) 


= A("5) 


"6 = 


(0 














1 





0) 


= A{a,) 


^7 = 


(0 

















1 


0) 


= A{f3,) 


"8 = 


(1 





1 














0) 


= Aias) 


"9 = 


(0 


1 





1 











0) 


= A{a,) 


"10 = 


(0 





1 


1 











0) 


= A{aio) 


"11 = 


(0 








1 


1 








0) 


= A{a^,) 


"12 = 


(0 











1 


1 





0) 


= ^("12) 


"13 = 


(0 














1 


1 


0) 


= A{P,) 


"14 = 


(1 





1 


1 











0) 


= A{au) 


"15 = 


(0 


1 


1 


1 











0) 


= ^("15) 


"16 = 


(0 


1 





1 


1 








0) 


= ^("16) 


"17 = 


(0 





1 


1 


1 








0) 


= A{a^r) 


"18 = 


(0 








1 


1 


1 





0) 


= A{ais) 


"19 = 


(0 











1 


1 


1 


0) 


= A{Ps) 


"20 = 


(1 


1 


1 


1 











0) 


= ^("20) 


"21 = 


(1 





1 


1 


1 








0) 


= ^("21) 


"22 = 


(0 


1 


1 


1 


1 








0) 


= ^("22) 


"23 = 


(0 


1 





1 


1 


1 





0) 


= ^("23) 


"24 = 


(0 





1 


1 


1 


1 





0) 


= ^("24) 


"25 = 


(0 








1 


1 


1 


1 


0) 


= A{P,) 


"26 = 


(1 


1 


1 


1 


1 








0) 


= ^("26) 


"27 = 


(1 





1 


1 


1 


1 





0) 


= A{a27) 


"28 = 


(0 


1 


1 


2 


1 








0) 


= ^("28) 


"29 = 


(0 


1 


1 


1 


1 


1 





0) 


= ^("29) 


"30 = 


(0 


1 





1 


1 


1 


1 


0) 


= A{P,) 


"31 = 


(0 





1 


1 


1 


1 


1 


0) 


= A{Pe) 


"32 = 


(1 


1 


1 


2 


1 








0) 


= ^("32) 


"33 = 


(1 


1 


1 


1 


1 


1 





0) 


= ^("33) 


"34 = 


(1 





1 


1 


1 


1 


1 


0) 


= A{f3r) 


"35 = 


(0 


1 


1 


2 


1 


1 





0) 


= ^("35) 


"36 = 


(0 


1 


1 


1 


1 


1 


1 


0) 


= A{f3s) 


"37 = 


(1 


1 


2 


2 


1 








0) 


= ^("37) 


"38 = 


(1 


1 


1 


2 


1 


1 





0) 


= ^("38) 


"39 = 


(1 


1 


1 


1 


1 


1 


1 


0) 


= A{f3,) 
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«40 = (0 


,1 


,1 


,2 


2 


1 





0) = A{a,o) 




a4i = (0 


,1 


,1 


,2 


1 


1 


1 


0) = A(Ao) 




«42 = (1 


,1 


,2 


,2 


1 


1 





0) = A{a,2) 




«43 = (1 


,1 


,1 


,2 


2 


1 





0) = A{a,3) 




au = (1 


,1 


,1 


,2 


1 


1 


1 


0) = A{(3^,) 




«45 = (0 


,1 


,1 


,2 


2 


1 


1 


0) = A(/5i2) 




"46 = (1 


,1 


,2 


,2 


2 


1 





0) = A{a,e) 




"47 = (1 


,1 


,2 


,2 


1 


1 


1 


0) = A(A3) 




«48 = (1 


,1 


,1 


,2 


2 


1 


1 


0) = A{(3u) 




«49 = (0 


,1 


,1 


,2 


2 


2 


1 


0) = A{f3,,) 




"50 = (1 


,1 


,2 


,3 


2 


1 





0) = A(a5o) 




«51 = (1 


,1 


,2 


,2 


2 


1 


1 


0) = A{(3,,) 




"52 = (1 


,1 


,1 


,2 


2 


2 


1 


0) = A(/3i7) 




"53 = (1 


,2 


,2 


,3 


2 


1 





0) = A{a,,) 




"54 = (1 


,1 


,2 


,3 


2 


1 


1 


0) = A{(3,,) 




"55 = (1 


,1 


,2 


,2 


2 


2 


1 


0) = A(/32o) 




«56 = (1 


,2 


,2 


,3 


2 


1 


1 


0) = A{P22) 




«57 = (1 


,1 


,2 


,3 


2 


2 


1 


0) = A(/323) 




"58 = (1 


,2 


,2 


,3 


2 


2 


1 


0) = A(/325) 




"59 = (1 


,1 


,2 


,3 


3 


2 


1 


0) = A{f326) 




«60 = (1 


,2 


,2 


,3 


3 


2 


1 


0) = A(/527) 




«61 = (1 


,2 


,2 


,4 


3 


2 


1 


0) = A(/324) 




«62 = (1 


,2 


,3 


,4 


3 


2 


1 


0) = A(/52l) 




«63 = (2 


,2 


,3 


,4 


3 


2 


1 


0) = A{P^s) 


Po = 


;0, 0, 0, 0, 0, 0, 0, 1) 70 = (2, 3, 4, 6, 5, 4, 3, 1) 


A = 


;o, 0,0, 0,0, 


0, 




1) 71 = (2, 3, 4, 6, 5, 4, 2,1) 


f32 = 


;o, 0,0, 0,0, 






1) 72 = (2, 3, 4, 6, 5, 3, 2,1) 


f33 = 


;o, 0,0, 0,1, 






1) 73 = (2, 3, 4, 6, 4, 3, 2,1) 


Pa = 


;o, 0,0, 1,1, 






1) 74 = (2, 3, 4, 5, 4, 3, 2,1) 


k = 


;o,i,o,i,i. 






1) 75 = (2, 2, 4, 5, 4, 3, 2,1) 


(3,= 


;o,o,i,i,i. 






1) 76 = (2, 3, 3, 5, 4, 3, 2,1) 


^7 = 


;i, 0,1, 1,1, 






1) 77 = (1,3,3,5,4,3,2,1) 


f3s = 


;o, 1,1, 1,1, 






1) 78 = (2, 2, 3, 5, 4, 3, 2,1) 


(^9 = 


;i, 1,1, 1,1, 






1) 79 = (1,2,3,5,4,3,2,1) 


Ao = 


;o, 1,1, 2,1, 






1) 710 = (2, 2, 3, 4, 4, 3, 2,1) 


/9ii = 


;i, 1,1,2,1, 






1) 711 = (1,2,3,4,4,3,2,1) 


/9l2 = 


;o,i,i,2,2. 






1) 712 = (2, 2, 3, 4, 3, 3, 2,1) 


Pn = 


;i, 1,2,2,1, 






1) 713 = (1,2,2,4,4,3,2,1) 


/9l4 = 


;i, 1,1,2,2, 












714 


= (1,2,3,4,3,3,2,1) 
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/9l5 
/9l6 

At 
As 

/9l9 

Ao 
Ai 
A2 
As 
A4 
A5 
Ae 
At 



(0, 


1 


1,2,2, 


2 




(1, 


1 


2,2,2, 


1 




(1, 


1 


1,2,2, 


2 




(2, 


2 


3,4,3, 


2 




(1, 


1 


2,3,2, 


1 




(1, 


1 


2,2,2, 


2 




(1, 


2 


3,4,3, 


2 




(1, 


2 


2,3,2, 


1 




(1, 


1 


2,3,2, 


2 




(1, 


2 


2,4,3, 


2 




(1, 


2 


2,3,2, 


2 




(1, 


1 


2,3,3, 


2 




(1, 


2 


2,3,3, 


2 







715 




716 




7l7 




7l8 




7l9 




720 




721 




722 




723 




724 




725 




726 




727 



(2, 


2 


3,4, 


3, 


2, 


2, 




(1, 


2 


2,4, 


3, 


3, 


2, 




(1, 


2 


3,4, 


3, 


2, 


2, 




(0, 


1 


1,2, 


2, 


2, 


2, 




(1, 


2 


2,3, 


3, 


3, 


2, 




(1, 


2 


2,4, 


3, 


2, 


2, 




(1, 


1 


1,2, 


2, 


2, 


2, 




(1, 


1 


2,3, 


3, 


3, 


2, 




(1, 


2 


2,3, 


3, 


2, 


2, 




(1, 


1 


2,2, 


2, 


2, 


2, 




(1, 


1 


2,3, 


3, 


2, 


2, 




(1, 


2 


2,3, 


2, 


2, 


2, 




(1, 


1 


2,3, 


2, 


2, 


2, 





cu 



(2,3,4,6,5,4,3,2) =A(7o) 



Cubic form: 

-'S = 2^1X15X18 + XiXi7a;2i + XiX2o2^24 ~ 3^1X23X27 + X1X25X2Q + X2X12X18 + X2X14X21 + X2X1QX24 
— X2X19X27 + X2X223^26 + ^^sXioXig + X3X11X21 + X3X13X24 — X3X19X25 + X3X223;23 + X4X8X18 
+X4X9X21 + X4X13X27 — 3^4X16X25 + X4X203^22 " 2:5X6X18 — 3^5X7X21 + X5X13X26 ~ 2;5Xi6X23 
+X5X19X20 + 3^0X9X24 — XgXiiX27 + X6X14X25 — XgXi7X22 ~ X7X8X24 + X7Xio2;27 ~ 2:7X12X25 
+X7X15X22 — 3^82^11^26 + 2:8a;i4a^23 ~ 2:8X17X19 + X9X10X26 — 3^92^123^23 + 2:9X15X19 — X10X14X20 
+XioXigXi7 + X11X12X20 "~ 2:11X15X16 — X12X13X17 

Cartan generators: 






H, 



02 



-yd + xo(9o 

-Xedfj + Xjdj - X898 + Xgdg - Xio^io + Xii^ii - Xi29i2 + X^du - Xi5(9i5 + Xirdn 

+Xi89i8 - X2l<92i 

-X4(94 + X5(95 - Xeda - Xjdj + X8(98 + Xgdg - Xi9(9i9 + X22<922 " a:23'923 + a:25<925 

— a^26'926 + 2:27^^27 
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Has = -Xidi - x^d^ + XqOq + XgSg - xii(9ii + xig^ia - a;i4(9i4 + xy^diQ - x^dn + a;2o<92o 

+X2lC'21 ~ 2;24C'24 

i^a4 = -a^s-^s + a;4(94 - x^d^ - xgdg + a;io<9io + aJn^n - ajig^ie + ajig^ig - a;2o92o + a:23<923 

+X24C/24 — X27C/27 
-f^as = -a;2<92 + xs^s - xio^io - a;ii(9ii + a;i29i2 - xisdn + xudu + a^ie^ie - a;23523 - X25<925 

+a;26'926 + a;27'927 
^as = -2;i^i + a:2<92 - a;i29i2 - xi^du + a;i5(9i5 - Xig^ie + x^dn - xig^ig + a;2o<92o - a:22<922 

+3^23 <923 + a;25<925 

-f^ar = —5 — xodo + a;i(9i — a^is^is — Xijdn — a^ig^is — a;2o<92o — a;2i<92i — a;23(923 — 3^24(924 — a^25'925 

— X26C?26 '~ 2^27'927 

Simple roots: 

^ai = -xedr - xsdg - xio^n - Xiidu - xi^d^ + a;2i<9i8 

Ea2 = -Xid^ - XqOs - Xjdg + a;i9922 + X23<925 + 3:26^27 

EoLo, = —Xid^ — x^ds — a;ii(9i3 — a;i4(9i6 — a;i7(92o + a^24<92i 

Eat = -X2.dA + xsdiQ + a;9(9ii + xie^ig + a;2o<923 + a;27<924 

-Eas = -a;2<93 + a;io(9i2 + xh^m + a;i39i6 + X23<926 + a;25<927 

Ea(. = -a;i(92 + Xi2<9i5 + xudn + xig^ao + a;ig(923 + a;22<925 

Ear = -a;o(9i + i{-Xi5Xis - XyjX2\ - X20X24. + 0:233:27 - X25X26)/y 

E^ai = xrda + xgds + xndw + x^du + x^di^ - a;i892i 
E_a2 = xr^di + x^dQ + a;g(97 - a;22<9i9 - a;25<923 - a:27<926 

E_as = Xfsdi + Xg^s + Xi3(9ii + Xi6<9i4 + X2odn - a;2i(924 

-E-a4 = a^4<93 — Xio^s — ajii^g — a^ig^ie — a;23f^20 — a;24f^27 
E-a^o = Xsd2 — XuOiQ — a;i4(7ii — xi^Oi^ — a;26<923 — a;27a25 
E-ae = ^2(^1 — a;i5(9i2 — a;i7(9i4 — a;2o<9i6 — a;23<9ig — a;25<922 

E^ar = Xido + iy{di5di8 + 9i792l + 920^24 - 523^27 + 525926) 
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